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INTRODUCTION

Le travail que nous présenions comporte deux parties et se rattache
& deux domaines trés différents mais complémentaires de la théorie de
la structure atomique. ILe premier domaine est celui des technigues
angulaires qui ont pour fondement 1'invariance par rotation de 1'hamil-
tonien atomique. Le deuxiéme est celui du modile 2 particules indépen~
dantes et des corrections d'ordre supérieur. L'ovposition et la
complémentarité de ces domaines peuvent &%tre résumées par la formule :

angulairs/radial.

L'une des pérties de ce travail déerit l'obtention de la forction
génératrice d'un coefficient de couplage-recouplage arbitraire de SU(2) .
Des fonctions génératrices des coefficients 3j , 65 et 93 ont &té
obtenues par Schwinger (1952) & 1'aide d'opérateurs annihilation-
création. Bn utilisant des espaces de fonctions entidres, Bargmann
(1962) a retrouvé les foénctions géndratrices pour les coefficients 33
et 6j . Par des calculs compliqués, Wu {1972) et Huang (1974) ont
obtenu les fonctions génératrices pour des 9j , 12 3§ et 15 5 . Ila
formule générale gque nous avons découverte pour un coefficient de
couplage-recouplage arbitraire s'ezprime géométriquemeni & 1'aside de

sommes gur deux ensembles finis de sous~graphes du graphe du coefficient.
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La fonction génératrice est utilisde pour obtenir une nouvelle formule
explicite des coefficients, des relations de récurrence et sussi pour

discuter les symétries des coefficients.

Pour 1l'autre partie de c¢e fravail, le point de départ dtait le
calcul précis de déplacements isotopiques spécifiques de transitions
optiques. Les mesures de déplacements isotopiques étant devenues plus
précises gréce aux nouvelles technigues spectroscopiques et & 1'uti-
lisation d'isotopes enrichis, il devient nécessaire de savoir séparer
l'effet de masse de L'effet de volume qui permet &'évaluer des parame-
tres nucléaires. La détermination a pricri du déplacement isotopigue
spécifique, gui avec le déplacement isotopique ncrmal facile a déter-
miner forme l'effet de masse, est d'autant plus intéressante que la
séparation expérimentale des effets de masse et de volume utilisant
les transitions X ou les atomes muoniques est encore trop imprécise.
Le déplacement isotopique spécifique s'obiient & 1'aide d'un opérateur -
bidélectronique noté I . Nous avons développé une méthede de caleul
consistant & utiliser des fonctions d'onde compactes adapiées au
calcul du deuxizme ordre T X @ ( Q désignant 1l'opérateur 4'énergie
électrostatique). On choisit d'abord la forme de la fonction d'onde
par des considérations angulaires et ensuite on détermine les orbitales
radiales. Cette méthode pratique est trés voisine de la méthode
Hartree-Fock multiconfigurationnelle. Noug avons choisi de 1'appliguer
sux cas de 1'hélium, pour lequel existent des résultats théoriques itrés
précis, et au cas du magnésium pour des termes analogues & ceux de

1'hélium.
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Nous constatons alors les insuffisences de la méthode, quil nous
ont amené d'une part & considérer les effets d'ordres supérieurs au
deuxidme et, d'autre part, & l'appliquer aux calculs de valeurs
moyennes, non plus d'un opérateur bidlectronique ¥ , mais d'opérateurs
monoélectroniques de structure hyperfine. Nous avons étudié les valeurs
des paramdires <x™%> dans les termes 'P et P du megnésivm :
valeurs qui sont expérimentaleﬁent tres différentes dans les deux
termes. L'étude du scandium et du titane visait & déterminer le rap-
port <r-3§e/<r"3>802 pour expliquer leg différences entre l'expérisnce

et la thécrie de . Bauche-Arnoult.

Nous nous sommes également inftéressés 2 un autre aspect des dépla-
cements isctopiques, les déplacements isotopiques pair-impair anormaux
(appelés'encore écarts & la droite de King). Ces effets, dus au
deuxitme ordre de structure hyperfine noté hfs X hfs , sent étudids 3
partir de méthodes empiriques et non plus a priori (corme c'était le
cas pour les calculs des effets de deuxidme ordre L X Q et hfs X Q )
dans le samarium et le mercure, pour lesquels les expériences mettent

ern évidence des anomalies.

L'exposé qui suit est un commentaire des articles présentds en
annexe. Dans la premieére partie, nous rappelons d'asbord les principales
approches des effefs d'ordre supérieur et décrivons ensuite les méthodes
employées {Chapitre 1), Nos études = priori se trouvent au Chapitre 2
et les études empiriques au Chapitre 3. Dans la deuxiime partie, nous
présentons bridvement la fonction géndratrice des coefficients de cou-

plage-recouplags, apres avoir rappelé les propridtés géndrales des
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fonctions génératrices et la reprdsentation graphigque de 1'algdbre des

moments angulaires.



iere Partie

CALCULS de DEPLACEMENTS ISOTOPIQUES et de

STRUCTURES HYPERFINES au DEUXIEME ORDRE.







CEAPITRE 1

PRINCIPALES APFROCEES DES EFFETS D'OCRDRE SUPERIEUR

la description théorique des dtats 1iés des atomes 3 N électrons
sn mécanlque quantique non relativiste passe par la résolution d'une

équation de Schridinger indépendante du temps
HY = BV (1)

pour la fonciion dtonde W(x1,x2.,.xN) ol x; représente les coordon-~
ndes d'espace et de spin de 1'électron i (1gigN) . Nous considére-
rons d'abord les éfudes empiriques (§,1.1). Pour les études a priori
(§.1.2), aprés avoir rappelé {§.1.2.1) les diverses méthodes, nous

décrivons la méthode que nous avons développde (§8,1.2.2 et 1.2.3).



1.1 METHCDES EMPIRIQUES.

La méthode empirique {ou paramétrique) d'interprétation des dnergies
est tres utilisée en Spectroscopie Atomique depuis les travaux de Condon
et Shortley (1935) et de Raceh (1950}, Dans cette méthode on diagonalise
lz restriction HR de l'hamiltonien H (contenant habituellement
seulement les interactions électrostatique et spin-orbite) % un sous-
espace fini engendré par des fonctions d'onde de type configurationnel.
Les parties angulaires des éléments de mairice de l'hamilionien sont
calculables une Tois choisi le sous-espace. Quant aux parties radiales,
elles servent de parametres et sont ajustées de fagon que les valeurs
rropres de HR reproduisent.les énergieé expérimentales le mieux pos~
gible. Les vecteurs propres de HR décrivent les niveaux atomiques,
mais de fagon ftrés incomplete, car le partie radiale des fonctions est
inconnue. Le calcul d'observables autres que 1l'énergie et lss facteurs
de Landé nécessite l'introduction d'autres paramdtres. Cette méthode
qui est bien adaptée & 1'étude d'un grand nombre de niveaux nous a
permis d'étudier les atomes Hg et Sm (Chapiire 3, ol nous précise~

rons les variantes de la méthode que nous avons utilisées).

La méthode empirigue tient compie des effets d'ordres supérieurs
par rapport & l'approximetion du champ ceniral et présente les carac-
téristiques des méthedes utilisant une diagonalisation ou un principe
variationnel : les fonctions d'onde angulaires obtenues sont les meil-
leures possibles dans un sous-espace donné ; elles contiennent donc

tous les effets perfurbvationnels dans ce sous-espace. Les effeis sur



l'énergie extériesurs & c¢e sous-espace peuvent Stre introduits en

modifiant 1l'hamiltonien & l'aide d'opérateurs effectifs. Notons & ce
propos que la méthode empirique tient compte des effets de tout opéra-
teur effectif d'énergie qui & méme forme angulaire que 1'un des opéra-

feurs de ER correspondant & un paramétre donné.

1.2 METHODES A PRIOQRI.

1.2.1 Classificaticn des méthodes. C(Corrdlation,

Lorsqu'on applique les méthodes a2 priori aux atomes légers, il est
Justifié en premidre approche de négliger les interactions magnétigues.
L'hamiltonien H s'derit alors en unités atomiques (u a) :

H = %I (-—"LA.—"Z") + = - (2)

=1 ° T e Tij
ol Z est le numéro atomique de 1'élément. Pour N#1 , 1'équation (1)

ne peut 8tre résolue que de fagon approchée.

Une solution approchée de 1'équation (1) est celle que 1'on obtient
dans la méthode Hartree-Fock (HF). Pour des états & couches fermées,

ltapproximation YHF de la fonction d'onde est un déterminant de

Slater. Pour des couches ouvertes il est en général nécessaire d'utili-

ser une somme de déterminants pour former un vecteur propre de L ,

2
LZ s 3 et SZ . L'erreur faite lorsqu'on remplace ¥ par YHF est

désignée sous le nom général de "corrélation". Notons cependant que ,

pour certains états de spin, dans 1'apmroximation HP (et le moddle du



champ central, d'ailleurs) les mouvements des électrons sont déja quel-

que peu corrélés par suite de l'antisymétrie de YHF .

Le calcul précis de grandeurs atomiques, comme par exemple les cons-
tantes de structure hyperfine, exige une évaluation des effets de la
corrélation. les méthodes de calcul des effets de la corrélation ont
fortement progressé ces dix dernidres anndes par suite des perfection-
nements des méthodes numériques et de 1l'intérdt que leur portent les
rhysiciens et les chimistes. Ces méthodes peuvent 8tre divisdes en
3 classes : perturbationnelles, variationnelles par le procédé de
Hylleraas (Hy) ou par superposition de configurations (S0C). Des recou~
vrenents entre ces classes ne sont toutefois pas rares. (es méthodes
donnent les premiers termes d'un développement en série de la solution
exacte ¥ et permettent de l'aprrocher, du moins en principe, autant

que 1l'on veut {ILvwdin, 1955 ; Szasz, 1962).

a) Dans les méthodes perturbationnelles on sépare 1'Hamiltonien H

en HO+-V en introduisant un Hamiltonien soluble HO (qui souvent est

cheisi pour donner V¥ comme vecteur propre) ¢t une perturbation V .

HF

Notons que la contribution d'ordre n du développement perturbaiionnel

dépend du choix de HO . Dans nos calculs g priori l'appellation

"deuxisme ordre" est utilisde par référence & HF .

La théorie des perturbations peut éire mise en oeuvre en classant

les divers termes de la fonction d'onde en excitaticns & 1, 2, 3 veey N

.

électrons par rapport & Les éguations de Bethe Goldstone (1657)

| S
¥

d'ordre n déterminent la fonction d'onde limitde aux excitations & n



cu moins de n électroms, Chacune de ces équations détermine les
contributions dues & l'excifation de =n orbitales donndes de YEF et

a la forme d'une équation de Schrédinger 2 n particules, la fonction
d'onde devant satisfaire 3 des contraintes d'orthogonalitéd avec les
orbitales non excitées de WHF . Cette méthode a €té développée par
Nesbet (1965, 1967, 1969) et est pratique pour n=2 (ce qui correspond
aux équations de paires), les calculs devenant tTds longs dés n=% ,
Dans la méthode de Nesbet les orbitales sont développées sur une base
finie de fonctions de Slater et la fonction d'onde dl'erdre n est obte-

nue par un caleul wvariationnel, ce qui est équivalent & la résolution

des équations de Bethe~Goldstone,

La méthode de SinanoZlu (1961, 1969) est assez proche de la précé-
dente (pour n=2 ). Elle est sussi du type perturbationnel-vaeristionnel
et donne des équations permettant de déierminer des fonctions de paires.
‘Les diverses excitations sont classées en iniernes (ij-» kg) , Semi-
internes (ij —» ka) et externes (ij » aB) oh i, j, k et £ dési-
gnent des orbitales de la "mer" HF et «, 8 des orbitales virtuelles.
Ies excitations internes et semi-internes ne joﬁent un rdle gque dans les

atomes & couches ouveries (le nombre d'orbitales de la mer FEF étant

alors plus grand que W ).

les méthodes perturbationneliles que nous venons de considérer sont
classées par le nombre d'électrons excités et deviennent exactes lorsque
n=N , Examincns maintenant les développemenis perturbationnels suivant
les puissances du potentiel perturbateur ¥V . ILa théorie des perturbe-

tions &3 N corps (MEPT) du type Brueckner-Goldstone (Brueckner,1955a,b,
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1959 ; Goldstone, 1957) a été appliquée en physique atomique par Relly
(1963) et développée par de nombreux auteurs. Les termes de la série
perturbationnelle sont représentés par des graphes de Feynmen : chaque
graphe apporte une contribution de la forme d'une somme de produits
d'intégrales radiales par une partie angulaire gui est un coefficient
de couplage-recouplage dont la représentation graphique coincide avec
le graphe de Peynman., Ia description gravhique de MBPT est donc non
seulement une visualisation des effets de la corrélation, mais sussi
un moyen pratique de calcul., [a méthode a £té trds employée pour des
calculs jusqu'au troisidme ordre {et en tenant compte des ordres supé-
rieurs par des méthodes de resommation du type équation de Dyson) .
Citons guelques articles qui comportent une description tr2s détaillée
de la méthode : Freed (1968), Dutta et al. (1969), Ray et al. (1973),

Garpman et al. (1975) et Wilsom et Silver {1976).

Dans les calculs du type de ceux de Kelly ls partie radiale est
évaluée par sommations sur un ensemble complet d'orbitales viriuelles,.
Une varilante importante consiste & remplacer ces sommations par la réso-
lution d'équations différentielles inhomogeénes., Un graphe de Fevnman
contenant une seule ligne excitée peut ainsi &ire calculd & l'aide d'une
orbitale perturbée vérifiant une telle équation (Morrison, 1972) et un
graphe & 2 lignes excitées & l'aide d'une fonction perturbde & 2 varia-
bles solution d'une équation inhomogéne aux dérivées partielles (CGarpman
et al., 1975). Ces équations sont similaires aux $quations donnani les
corrections & la fonction d'onde dans la théorie des perturbations de

Sehrddinger-Rayleigh (Sternheimer, 1950, 1967 ; Dalgzarnc, 1961).
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v) Les deux méthodes variatiomnelles SOC et Hy ont £t dlabord
introduites par Hylleras (1928, 1929) afin d'étudier l'atome He . Dans
la méthode Hy les fonctions variationnelles d'essai Ffont intervenir

g
explicitement les coordonnées interélectroniques rij = |ri--rj .

Ainsi pour les atomes & deux dlectrons les fonctions variatiomnelles
sont formées i 1'aide de monomes r1g (r1-+r2)ﬁ (ri--ra)Y , Dans la
méthode originelle ¢, 8, y sont posififs ou nuls., L'uitilisation de
valeurs négatives (Kinoshita, 1957 ; Pekeris, 1958) a permis 1'obtention
de fonctions d'onde & 2 électrons trés précises. In particulisr, les
fonctions d'oﬁde &e Schiff, Lifson, fekeris ef Rabinowitz (1965) pour
1'hélium qui peuvent &tre considérédes comme exactes nous serviront
pour mettre & l'épreuve nos calculs de déplacements isotopiques présen~
tés plus loin., les applicati&ns les plus récentes de la méthode BHy
concernent 1l'atome & quaire électrons {Szasz et Byrne, 1967 ; Sims et
Hagstrom, 1971). Notons que des applications de la méthode Hy 3 des
atomes plus complexes ont été faites en conjonction avec des fonctions
de paires dans des caleuls de %type Bethe-Goldstone (Szasz et MeGinnm,

1972), ce qui nous permet de rappeler que notre classification (pertur-

bations, SOC, Ey) ne doit pas &ire utilisde avec trop de rigidité,

les méthodes S0C présentent l'avantage sur la méthode Hy de ne

pas sacrifier le concept d'orbitales (monoélectroniques). De plus, elles
ne font pas intervenir le continuum, dont 1'introduction dans la théorie
des perturbations est plus un artifice mathématique qu'une réalité phy-
sique lorsqu'on s'intéresse seulement & des états lids. Ies méthodes

30C  semblent aussi étre avantageuses sur HRPT lorsgqu'il stagit de
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.

faire le tri des excitations & comserver et & négliger. Elles

utilisent une fonction d'onde @ , approximation de V¥ , de la forme

& = alf> + B1fe1> + ﬁzle2> + ... (3)

7y [e > ... sont des termes Russell-Saunders (RS) ayant
les mémes valeurs SL ., Certains auteurs désignent ces termes RS par
ltappellation de configurations. Bien sfir une configuration (au sens
spectroscopique habituel) peut donner plusieurs ftermes RS dans le
développement (3). les orbitales apparaissant dans [f> seront désie-
grées sous le rom d'orbitales du coeur, celles qui apparaissent seule-

ment dans les ]ei> sous le nom d'orbitales virtuelles ou excitées,
Deux sorites de procédés SOC peuvent étre distingués.

Ie premier procédé SOC est la méthode d'interaction de configu-

rations (CI) (Hylleraas, 1929) dans laquelle, pariant d'orbitales
données & l'avance, on obtient les poids des configurations par diago-
nalisation de la matrice de l'énergie, En pratique, les divers auteurs

optimisent d'une maniére ou d'une autre les orbitales de départ.

le deuxiéme procédé est lz méthode Hariree~Fock multiconfigurastion-

nelle (MCHF) (Bartree et al., 1939). Ia forme optimale des orbitales
epparaissant dans la fonction d'onde est déterminde par itération Jus-—
gu'a convergence d'un systime d'éguations, ILes orbitales sont obtenues
sous forme numérique point par point (Froese-Fischer, 1969) ou sous

forme analytique (Sabelli et Hinze, 1969).



Pour des calculs trés précis, dans la méthods (I les termes RS
proliférent et dans la méthode MCHF ce sont les orbifales qud
deviennent trazs nombreuses. Dans les deux cas 1'interprétation physigue
de Hariree-Fock simple est perdue., Citons par exemple pour 1l'état
fondamental 152252 du 3Be le calcul MNCHF de Froese-Fischer et
Saxena (1974) comportant {3 orbitales s , 16D , 124 , 4f et 3z (et
qui, de plus, sont non orthogonales) et 52 fermes RS , qui est légdre-
ment moins préeis que le calcul CI de Bunge (1978), utilisant 10 orbi-

tales orthogonales s, Gp , 88 , 7f , Sg, 32 et 1{i et 650 termss RS.

L'introducticn d'orbitales naturelles (Lowdin, 1955) permet de
réduire le nombre de termes RS wutilisés dans les caleculs CI . Ainsi,
par exemple, & 152 + B 1s2s 4+ ¥y 252 peut &tre remplacé par
a'?s'g + ﬁ‘2s'2 en medifiant les orbitales de départ, lLes orbitales
déterminées dans les calculs MCHF , n'étant pas fixdes & 1'avance,
sont aussi des orbitales naturelles. Cela explique que le nombre de
termes RS est moindre dans les calculs MCHF que dans les calculs

CI de précision comparable,

Pour des calculs d'une moins haute précision la méthode MCHF nous
parait beaucoup plus satisfaisante : on peut en effet se limiter & pen
d'orbitales et peu de configurations qui, ainsi, ont encore un sens
physique intuitif, II n'en est évidemment pas de méme pour la méthode
€I . C'est justement dans ce cadre que se place notre travail. Nous
cherchans & évaluer des grandeurs physiques pour des atomes complexes

(le plus complexe ici est 1'atome de titane & 22 &lectirons), aussi
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devons~nous limiter nos prétentions pour la précision atieinte. Nous
allons donc maintenant décrire notre méthode ($.4.2.2 pour les questions
angulaires et §.1.2.3 pour les questions radiales) s les applicaticns &

des calculs physiques sont décrites dans le prochain chapitre (§.2) .

1.2.2 Choix des termes excités,

Nous cheisissons les termes du développement (3) selon le problime
ppysique étudié, Supposons que nous veulions calculer la valeur moyenne
de l'opérateur A . Au deuxieme ordre {on suppose |5j| £ g dans
(%)), les seuls termes ]ej> qui sont utiles dans (3) sont ceux tels
gue

<ffH|ej> <ele]f> £ 0 . (4)

Ainsi donc dens (3) nous ne garderons que des termes satisfaisant 2 (4).
I1 est clair que |ej> differe de |f> par au plus deux orbitales ( E
est bidlectronique). Si 4 est un opérateur monoélectronique, comme

par exemple un opérateur de structure hyperfine, |ej> differe de |f>

par une ssule corbitale,

De plus, pour une configuration excitée donnée (obtenue par une
bi- ou monoexcitation de [£> ), il est possible de choisir une base

des termes RS de la configuration

>, le> oo e >, |e%> ‘e ie}> (5)

k

telle que les k ©premiers termes ]eg> (1{j<k) vérifient (4), tandis
J
que les £ derniers termes |e$> (1€3€¢) ne vérifient pas (4) ,

c'est-i~dire ne conitribuent pas au deuxzidme ordre de A, TUn
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tel choix peut &ire fait par des considérations angulaires seulement et
est alors indépendant de la partie radiale des orbitales. Dans notre

article (annexe A} nous décrivons en ddtail comment on peut construire
La base (5) en la réduisant pour que k soit minimal. Ie principe de

la méthode est fondé sur le fait que le coefficient angulaire de 1'élé-

X
B

de X=H ou & de forme angulaire définie) est égal & la vrojection du

ment de matrice flOi]ej> (0 (p=1, 2...) désignant les composantes
vecieur |e.> sur un certain vecteur |a§> . les termes cherchés

.7 .. ]e > (avec Xk minimal) forment une base de l'intersection

des espaces vectoriels EE et EA ol EX désigne l'espace engendrs
par les [ai) (p==1, 2...). Par exemple, lorsque A est un opérateur
de structure hyperfine, la valeur ainimale de k est 1 . Autrement dit,
dans le développement de la fonction d'onde & , on ne garde qutun terme
par configuration excitée, ce quil est & rapprocher du fait que dans les
interprétations empiriques il n'y a qu'un paramétre non diagonal de
structure hyperfine (pour un opérateur domné) par configuration excitde,

Lorsque A est l'opérateur de déplacement isotopique spécifigue, la

valeur minimale de k est 1 en général (ou exceptiomnellement 2).

Nous avons écrit un programme EXCGE (amexe C) qui construit les
termes excités ej> et calcule la partie angulaire des éléments de
matrices de l'énergie et des opsrateurs A intéressants. Comme entrée
de ce programme on donne l'état fondamental !f> sous la forme d'une
somme pondérée de déterminants de Slater et les configurations excitées
désirées sous la forme d'excitations ab - cd faites & partir de |

L'opérateur A pour lequel on effectue la réduction peut &tre H ,



1'opérateur de déplacement isotopique spécifique L (défini plus loin
§.2.1), un gquelccnque des opérateurs de structure hyperfine (_s s £

sC2 , C2 } ou la réunion de ces 4 types, l'opérateur spin-orbite % §; E;
cu ltopérateur dipolaire 01 . Ce dernier cas ultilise des possibilités
supplémentaires du programme EXCGH (plusieurs fondamentaux) que nous

ne déerirons pas ici, mais qul sont exposdes en détail dans l'annexe C.
L'utilisation du programme EXCGH est facilitée par le programme TERM
(décrit dans l'annexe B) qui permet d'cbtenir par la méthode des opéra-

teurs de projection le déveloprement en déterminants de Slater de 1'état

|£> écrii dans la notation spectroscopique.

1.2.3 Détermination des orbiitales radiales.

Avant choisi ainsi la forme angulaire de & , 1l'étape suivante du
calcul est la déterminstion des orbitales radiales, d'on découlera
aisément le calcul de la grandeur physique. Les orbitales radiales
peuvent étre détermindes par la méthode MCHEF & l'aide d'une version
du programme de Froese-Fischer (1969) implantée par Bagus au Centre de
Calcul CGIRCE., Cependant, lorsgue les orbitales virtuellss ont des
nombres d'occupation petits, il est difficile d'eobtenir la convergence
de la méthode =i on ne possdde pas une bonne apyroximation de départ.
{'est principalement cette raison qui nous a conduit & développer le
programme BSSATY décrit dans l'tannexe D, Il s'egit d'un programme
variationnel déterminant des orbitales sous la Torme paramétrés de
sormes de fonctions de Slater, L'optimisation des paraméires se fait

ar la méthode du simplexe (Nelder, 1965), méthode qui a €%é popularisde

ol

au Laboratoire Aimé Cotton par lss travaux de Xlapisch (?971) sur le
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potentiel paramétrique. Comme chaque orbitals dépend de peu de para-
métres (1 & 5 en général), i1l n'y a plus de problimes de convergence.
Dtautres possibilitéds du mwrogramme E¥SSAIY sont : a) 1'introduction
dans l'énergie d'intégrales I du champ central non diagonales ;

b) les orbitales peuvent ne pas &tre orthogonales, & condition que le
produit scalaire de deux termes RS ne soit pas plus compliqué que le
produit de deuz intégrales de recouvrements ; ¢) obtention d'orbitales
virtuelles au sens de Sternheimer (1950, 1967). Cette obtention est

réalisée par exemple en remplacant les intdgrales non diagonales de

lténergie par (a/rﬂs/b) pour la structure hyyperfine.

les possibilités a) et b) ci-dessus avaient £td incluses dans le
programme pour étudier le cas du magnésium qui est déerit plus loin
(annexe E), car la version du programme MCHF de Froese~Fischer, déja
citée, interdit les intégrales I non diagonales et la non-orthogonalitd.
Notons cependant que le nouveau programme MNCEF de Froese-~Fischer (1977)

n'a pius ces limitations,
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CHAPITRE 2

CAICULS A PRICRI DE DEPLACEMENTS ISCTCPIQUES SPECIFIQUES

ET DE STRUCTURES HYPERFINES.

2.1 CALCULS DE DEPLACEMENTS ISOTOQPIQUES SPECIFIQUES : He, Mg ,

La mesure expérimentale des déplacements isotopiques ne permet de
déterminer que la somme de l'effet de volume dfi & la taille finie du
noyau et de l'effet de masse di & l'entrainement du noyau par les
électrons {voir par exemdle Bauche et Champeau, 1976). 4 partir de
ces seules nesures, on ne peut donc remonter aux parametres nucléaires
gue par le calcul a pricri de 1'effet de masse, qui se décompose
d'ailleurs en un effet dit normal trivial & calculer {du moins lorsgu'on

néglige les corrections relativistes) et un effet spécifique qui est

donné par l'opdrateur biélectronique I = %- z ﬁ;-ﬁi pour un
R 1€1 <5<H J
noyau de masse M , 15 étant Il'impulsion de l'électron 1 . Il nous

a donec paru intéressant d'taller au—delé de i'approximation Hartrée-Focg
dans les calculs de déplacements isotopiques spécifigues. Nous avons
choisi l'atome 4'hélium, pour lequel on dispose de calculs trés préecis
déja cités (Schiff et al., 1955) et de celui de mazndsium pour leguel
on connalt les valeurs expérimentales du déplacement isotopique spéei-

fique, l'effet de volume étant négligé dans cet atome trés 1éger.
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1,3

Nous avons resireint 1l'étude aux deux termes P de la configuraiion

sp 1la plus basse., Ies détails de cette étude sze trouvant dans l'ar-

5

ticle de l'annexe A, nous nous bornons ici & commenter les résuliats

(tablean ! powr He , tableau 3 pour Mg ).

Examinons d'abord les résultats du deuxiéme ordre pour Mg .

Lorsque 1'élément de matrice de 1'interaction électrostatique entre le

3

P ) et un terme excité a la mdme exyression

3

fondamental ( 1P ou
littérale pour 1P et P on pourrait s'attendre & ce que ce terme
excité ne contribue pas au deuxidme ordre de Ac , différence des
déplacements spécifiques de ces deux termes. Cela serait strictement
vral dans le modsle du champ central, les orbitalss radiales étant les

1 3

némes dans les deux termes fondamentaux P et “P . Mais ici ces
orbitales sont différentes, provenant de deux calculs "HF simple®
séparés, et la contribution & Ag des 4tats excités donnant la méne

3? est

0 - r by 1
expression litterale du 2éme ordre pour les termes P et
aussi importanie que celle des autres £tais excitds (tableau 3 de

llannexe A).

Notre résultat au 28me ordre pour Mg est trés peu satisfaisant
et méme moins bon que le résultat obtenu par les calculs "HF simple".
Le fait de négliger les effets relativistes (spin-orbite) ne semble pas
gtre en cause. En effet le couplage IS est excellent powr la confi-
guration 3s3p de Mg . HNous atiribuons donc l'écart enire noire

valeur et la valeur expérimentale 3 des effets d'ordres supérieurs,
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Cela est confirmé par les calculs concernant He (tableau 1 de
l'annexe 4). Ih aussi les résultats du deuxidme ordre restent loin des
valeurs exactes, alors gque les calculs multiconfigurationnels utilisant
les 4 configurations 1s2p , 2pd , sp et p'd' redomnent 2 19/ prds
les valeurs exactes du déplacement isotopique spéeifique. Ces calculs,
qui ont été faits & l'aide du programme ESSAI1 déja dderit, chague
orbitale dépendant de 5 peraméires, peuvent &irs considérés comme Stant
des calculs MCHF comportant des orbitales non orthogonales ( » et p'
ainsi que 4 et d' ). En comparant ces résultats avec ceux bien moins
bons de calculs MCHF & orbitales orthogonales, on voit 1'intérét que
présentent les calculs MCHF & orbitsles non orthogonales, L'importance
critique des effets d'ordres supérieurs semble venir de ce que nous cal-
culons la valeur moyenne d'un opérateur bidlectronique. Ces effets
d'ordres supérieurs se font-ils moins sentir sur les valeurs moyennes
d'opérateurs monocélectroniques ? WNous examinons cette question au

paragraphe suivant pour la structure hyperfine,



20

2,2 CAICULS DES PARAMETRES <r—3> DE STRUCTURE HYPERFINE DANS

Mg , S¢ , Ti

Il est commode d'interpréter les résultats expérimentaux de struc-
L o~ s N 2 —3
ture hyperfine (hfs) en fonction des parametres [?5(0)] , <r >£ ;

a0y et <r_3>02 (voir par exemple Bauche-Arnoult et Bauche, 1968).

502

3 b

Les grandeurs <r—3> <r

'R >sC2 et <

>02 , égales dans l'appro-
ximation monoconfigurationnelle, sont différentes par suite des corréla-
tions et de corrections relativistes, Nous nous sommes izl intéressés
au caleul du deuxiéme ordre de ces grandeurs. Notre méthode est particu-
lierement bien adaptée & ce genre de calcul. En effet, nous voulons
calculer la valsur moyenne d'un opérateur monoélecironique et, dans ce
cas, le nombre de termes excités nécessaires est trés limité. Par contre,
il est théoriquement infini dans le cas des opérateurs bidlectroniques
. .y - . o 2

car on doit considérer des séries dtexcitations du type : 2p =- Pr »

2 2 2 2 . .
2p - Pry oo 2p - pITI s ses o 1o programme EXCGH permet de déterminer
rapidement les éléments de matrice angulaires nécessaires. On peut
ensuite déterminer les orbitales virtuelles, soit & 1'aide du programme
MCHF de Froese, soit & l'aide du programme ESSAI1 ., ILe recours i ce

dernier programme est d'ailleurs la seule wméthode que nous ayons lorsque

le poids des termes excités est trop faidle.

2.2.1 Cas du wagnésium,

‘s . . 1,3
Notre premiére application concerne les termes %s3p 7P Qe Mg I.

On a en effet la surprise de constater, en examinant les valeurs expéri-

mentales de <r 7> , qu'elles sont trés différentes dans les deux termes
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(alors qu'elles sont identiques dans llapproximstion du potentiel cen~

3 3

tral) ¢ < ’> »(°P) = 0,809 % 0,009 et <z (113) = 0,257 + 0,021

SC2 >3

™

(en u.a.) . L'article de l'annexe I décrit comment nous avens réussi i

bien interpréter ces valeurs expérimentales, et aussi & dvaluer le

25

noment quadrupolaire de Mg . Soulignons le point suivant : L'inter-

prétation de la valeur expérimentale <r—3> 1P) n'était pas possible

4

dans le cadre de l'approximation du deuxidme ordrs et nous avens di
faire intervenir des effets d'ordre supérieur. Pour cela nous avons
fait wn calcul MWCHF sur 3s3p + dIIIBP . Un tel calcul ne donne pes
seulement les effets du deuxiszme ordre dus & l'sxcitation 3s - dIII

(ce deuxidme ordre est d'ailleurs nul pour le terme 1? ), mais aussi
des effets d'ordres supérieurs, Ces effets viennent principalement de
la modification de l'orbitale 3p ©par rapport & un calcul HF et sont
assez falbles pour le terme 3? , mais treés importants pour le ternme 1P .

La répulsion électrostatique entre les électrons 3s et 3p est plus

3

grande pour le terme 1? que pour le terme P dans le mcdile HF ,

Comme l'orbitale 3%s , plus interne, varie peu d'un terme & l'autre,

1
l'orbitale 3p tres extérieure, est trop extérieure pour le terme P .,

Cela est corrigé par l'introduction de la configuration dIIIBP dans le

=3

calcul MCHF , la valeur moyenne de pour llorbitale 3p étant
plus que doublée pour le terme 1P . Physiquenment 1l'importance de la

configuration d...3p vient de ce que la configuration 3%d3p n'est

IIT

expérimentalement pas trés au-dessus de la configuration 3s3p dans

Mg I . DNotons que l'erbitale dIII a la forme d'une orbitale 3d .

Ie calcul MCHF 3s83p + d._..3p fait intervenir d'autres effets d'ordre

IiT

supérieur, D'une part l'effet assez faible de la modification du poids
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de la configuraticn 3s3p , d'autre part les effets indirects dus au
fait que c'est l'orbitale 3p modifide qui est utilisée pour les autres
calculs du deuxieme ordre. Un de ces effets indirects est que pour
l'orvitale 5%p wmodifide 1llexcitation vers le terme de Brillouin

intervient maintenant au deuxizme ordre. HNotons que cette

excitation a été trise en compte dans le calcul "MCEF" {les guillemets
indiquent que le calcul a été fait & l'aide du programme ESSAIY ) :

358%p + d___3p' équivalent & un caleul 3s3p + dIIIBP + 38 D .

IiI “III

2.2.2 Cas du scandium et du titane.

Notre deuxiéme application, exposde en annexe P, concerne les termes
N2 .
de Hund de 3d 4s° pour Sc ({(N¥=1) et 7Ti (N¥=2) . C. Bauche-Arnoult
3 3

(1971} a montré que dans ce cas le rapport a = <r >£/<r" > o2 calculé
au deuxiéme ordre des perturbations, en négligeant l'excitetion 3d - g ,
a la méme expression littérale pour Sc et Ti , Or, expérimentalement,
a = 1,123 + 0,010 pour Sc et a = 1,083 pour Ti . ‘Il nous a donc
paru intéressant de calculer a pricri les valeurs du deuxiime ordre de

ce rapport o & l'aide de nos programmes. Nous avons pu ainsi sxaminer
1'influence des légéres variations des orbitales radiales lorsqu'on passe
de Sc¢ & Ti et aussi 1'influence de l'excitation 3d - g . 13 encore
il reste un désaccord entre les valeurs expérimentales et les valeurs
théoriques du deuxigme ordre, ce qui nous avait amené & supputer que les

effets d'interaction proche ou d'ordres supérieurs sont impertants., Ceci

a été confirmé par 1'étude de Bauche et RBauche-Arnoult (1977).
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2.7 BREMARQUES SUR LES EFFETS D'ORDRES SUPERIEURS AU DEUXIEME.

Nous avons vu (§.B) 1'importance des effets d'ordres supérisurs
an deuxisme pour le déplacement isotopique spécifique, importance que
nous avons attribude au caractére biélectronique de ltopérateur. En
effet, en examinant le livre "La Structure Hyperfine des itomes et des
Molécules" 4dité par ILefebvre =t Moser (1967) on se rend compte que le
deuxieme ordre interpréte bien les paramétres de struciure hyperfine
(térme de contact excepté). Dans les cazs que nous avons étudids en
structure hyperfine, nous avoas vu apparalitre des effets d'ordre supé-
rieurs au deuxieme, mais de fagon moins dramatique cue pour le déplace-
ment isctopique spécifique. Cependant, ces effets d'ordres supérieurs
peuvent aussi 8ire trés importants en stiructure hyverfine. Citons les
calculs de Nesbet (1970) et ceux de Hameed et Foley (1972) du paramétre
<r”3>02 pour le terme 2 2P de Ii I . Ces auteurs montrent que les
corrections du troisiéme ordre annulent pratiquement la correction du
deuxiéme ordre (la correction Sternheimer). De ftels calculs d'ordres
supérieurs au deuxidme sont tres difficiles, méme pour un atome &

3 électrons comme Li . La classification de Sinancglu (1969) des effets
de corrélation est alors certainement utile pour les atomes complexes.
D'apreés lui les biexcitations importantes dans les calculs de veleurs
moyennes d'opérateurs monoélectroniques sont les excitations internes

et semi-internes,.
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CHAPITRE 3

INTERPRETATIONS EMPIRIQUES

DE DEPLACEMENTS ISOTOPIQUES PAIR-IMPAIR ANORMAUX.

3.1 ECARTS a LA DROITE DE KING,

Nous avons déja indiqué qu'expérimentalement on ne pouvait pas
séparer l'effet de masse de 1l'effet de volume dans le déplacement
isotopique. De fagon plus précise, le variation d'énergie d'un niveau
AE(A,A') entre les isotopes de nombres de masse 4 et A' (A4 .

AR(A,AY) = EA'_EA) s'éerit (voir par exemple Bauche et Champeau, 1976);

AE(A,AY) =P x C(A,4") + (-;--ﬁ-,—) X . (1)

Le premier terme dans le membre de droite, gui rend compte de 1'effet
de volume, est le produit d'une grandeur électronique P , qui ne dépend
que du nivesu considéré, par un facteur C{A,A') dépendant seulement
des propriétés nucléaires des noyaux. Le deuxidme terme, qui décrit

i'effet de masse, s'exprime & l'aide d'une grandeur élecironique K

_1, o3¢ RN
fonction du niveau (en fait X =¢= ( =, =z . p.)> ol les
moo, 2 N i 73
n  i=f N2> 321

deux sommes correspondent aux seffets de masse normal et spécifigque res-
pectivement et oll 1'unité de masse atomiqus mn vaut 1822,5 masses de

1télectron).
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On obtient le déplacement isotopique d'une transition Av(a,A')
en prenant la différence de deux équations du type (1) :

(4,4') = P, X Cla,ar) + (% - J—) X

. (2)

De méme pour une autre transition on a :

1
! Y ! —_— L —
Avt(A,A") = P, X c{A,A") + (A A,) Ker o
1 a! ‘1
Portent sur un méme graphique x = A%L&“%"l et ¥y = —EFL&*%—I
iy g

pour diverses paires d'isotopes on obtient des points situés sur la

droite d'équation paramétrique (droite de King) :

i}

{x Pt u o+ Kt
v o= Pt1 u + Kt’

ClAAY)

correspondant & diverses valeurs du paramétre u = ] "
ey
La relation {1) est trds bien vérifide expérimentalement. Cependant
les droites de King publiédes par Hansen et al. (1967) semblent indicquer
que certains points correspondant & des couples pair-impair s'écartent
de la droite, 1l'écart étant du méme ordre de grandeur que les incerti-
tudes expérimentales. Ces points concernent des déplacements mesurés

avec une grande précision de 5 transitions optiques du samerium et du

nécdyme. Ce sont ces écaris que nous avons essayé d'interpréter.
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3.2 CAS DU SAVWARIUM,

Le déplacement isotopique d'un niveau |al> , pour un isotope impair
est obtenu en prenant la moyenne pondérée par les poids statistiques
2F+!1  sur les sous-niveaux 1aJF> . Il est donc affescté par l'opérateur
de structure hyperfine au deuxiéme ordre des perfurbations. Nous avons
étudié (article de l'annexe H) 127 niveaux des sous-configurations
5 T3 SD 702 4% ot £ %P a5 e Tam (1=7/2) et REE (1=7/2)

en utilisant la méthode classique de Woodgate (1966), Pour la partie

dipolaire magnéiique, la contribution du deuxidme ordre & la forme du

' 2 g . ..
produit L§l u” (I spin du noyau, T facteur de Landé nucléaire) par

P . . RN +1 2
une quantité electronique. Cette proportiomnalité a lfl b gst en

désaccord avec les mesures expérimentales dans le samarium, puisque
1'isotope de |p| le plus faible donne le plus grand effet. Ce désac-
cord ne vient pas de la partie quadrupolaire électrique de 1'opérateur
hfs qui s'est révélde &tre négligeable devant la partie dipolaire,
Cependant les valeurs numérigues, obtenues & l'aide des fonciions d'onde
de 1'étude empirique de Carlier et al. (1968), étant inférieures %

0,1 1077 oo™ mettent en doute ltexistence d'écarts observables 2 la

. . . . . - -1
droite de King, puisque le seuill d'observation est de l'ordre de 10 5 cm .
Notons toutefois que notre calcul du deuxiéme ordre est incomplet car il

ne fait intervenir que des niveaux perturbatews proches.
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3.3 CAS DU MERCURE,

Les configurations 6snd des isotopes impairs du mercure sont un
exemple connu depuls les travaux de Schiiler et Jones (1932) et de Casimir
(1932) ol le deuxidme ordre de siructure hyperfine est mesurable. Les
structures fines et hyperfines y sont du méme ordre de grandeur. HNous
avons étudié les configurations 6snd des isotbpes 199 et 201 par une
variante de la méthode empirique consistant & diagonaliser l'hamiltonien
comprenant l'opérateur de structure aAyperfine. Cette étude est résumée
dans la table VII de l'article de l'anneze G. On peut voir qu'elle
permet de bien interpréter les deéplacements pair-impairs ancrmaux en
remarguant gque les paramétres a6s de struciure hyperfine gque nous avons
obtenus sont les mémes que ceux déterminés par CGerstenkorn et Vergds
(1975) (ces auteurs déterminent des valeurs expérimeniales des déplace-
ments isotopigues dus au deuxieme ordre de structure hyperfine par compa-
raison avec les déplacements isotopiques pair-pair, et ils obfiennent les
paramétres a6s aprég correction des intervalles de structure hyperfine

par ce 2&me ordre).

Le phénoméne physigque étudié dans les cas du samarium et du mercure
est le méme, mais 1'ordre de grandeur différe, ce qui explique gue nous
ayons traité llopérateur de structure hyperfine comme une perturbation
pour Sm et 2 1'égal des opérateurs élecirostatiques et spin-orbite

pour Hg .



2ame Partie

FONCTION GENERATRICE des COEFFICIENTS

de COUPLAGE-RECOUPLAGE de SU(2)







Nous rappelons des propriétés des fonctions génératrices (§.1) et
des coefficients de couplage~recouplage (§.2). Notre traveil est

~

ensuite présente au .3

1. DEFINITION KT UTILITE DES FONCTICNS GENERATRICES.

Lorsqulon étudie des grandeurs fk dépendant de l'indice k=1,2,3%,..
il est souvent avantageux d'introduire une fonction génératrice des fk ,

c'est-3~dire une fonction :
iy L X
Flz) = ¢ n £,z (1)

ou les , sont des coefficients arbitraires. La définition précédente
s'étend & des grandeurs fijk... dépendant de plusieurs indices prenant
des valeurs entidres : la fonction génératrice est zlors fonciion de
plusieurs variables X, y, z ... . Dans le cas de la fonction généra-
trice ces coefficients de couplage-recouplage les grandeurs fijk...
sont des ncmbres, mais, dans ce parsgraphe, nous allons examiner le cas

plus geénéral ol ces grandeurs sont des fonctions, en nous limitant tou-

tefois & un indice : fk(z) , le fonction génératrice dtant notée F(xz,z).
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Des exemples classiques de tels T z) sont les polynomes d'Hermite,

_
de lLaguerre cu de legendre. Remarquons que la liberté de choix des coef-
ficients n est limitée par des raisons pratiques : F(x,z) et les n

doivent &tre suffisamment simples. Ainsi, pour les polynocmes de Laguerre

ie choix e plus ccommun est
~zx/(1~x) . &
X a
- a+t z Ik(z)
(1—x) k=0 F(k+a+1)

Mais un autre choix des coefficisuts D est parfois utilisé (Morse et

Peshbach (1953) p. 937)

Ja(zm) ex ; Xk Li(z)

(xz)a/2 ) k=0 [F(k+a+1)]2

On voit que fk(z) est obtenu en développant F(x,z) en série de x .
51 F(x,z) est holomorphe en =x dans un domzine de bord ¢ contenant

l'origine, on obtient pour les (z) des représentations intégrales

Ty

o fk(z) = Eigfﬁ F(x,z) x-kui dx

Donnons meintenant un exerple de détermination de fonction généra~
trice, celle des fonctions d'onde de l1'oscillateur harmonique de fré-
gquence Gr=u1z1) 4 une dimension : fi(z) = <z[i> , ol 1'8%at i

stobtient & partir de 1'état fondamental |[0> par i applications de

- - .
l'opérateur création a ., Définissons la fonciion géndratrice suivante:

ca xi a+
F(X,Z) = ""'"""fl(z) = <Z!ex |O>
i=0 Vi1
En utilisant <z|a+[§> x(vﬁi z-w*l“-£L> <z|W> on voit qu'elle vérifie
2 Vou %% B - -

1'équation :



28(x.2) (/2 - “EE ) Tl .

Cette 2quation, avec la condition initiale

1/4 2
#{0,z) = £ {z) = (&) w2 /2

, suffit pour déterminer F(x,z)

FMx,s) = (-ﬁ-)i/ll e-(w22+x2)/2+m X2

Cette fonction génératrice est d'ailleurs la fonction génératrice habi-

tuellement utilisée des polynomes d'Hermite car

1/4
£ (z) = (qu/d 1wz /2 (z )

2t 11

L'exemple précédent est une application de la technique d'obtention de
fonction génératrice basde sur la représentation d'algdbres de Lie par
des operateurs différentiels. Ici 1l'algébre engendrée par a. (opéra-
teur annihilation), 2¥ et 1 est réalisde par les opérateurs

W 12 .
=2 f—=-—— et 1 . Ltintroduciion de ltopérateur a ermet de
V > oo 52 e D

déterminer f (z) ar la condition (Vr_ +-——'-—) £ (z) =0 . Cette
o2 2 2+ ¥ 3g) o

technique a été appliquée par Miller (1958) aux algdbres de dimension %
(donnant les fonctions génératrices des polynomes d'Hermite, de ILaguerre
et de Legendre). TUne application plus complexe, celle de Kyriakopoulos
(1974}, concernant les fonctions hypergéométriques utilise une algdbre

de dimension 6,

les fonctions génératrices permeitent d'obtenir simplement un grand
nombre de propriétés des fi(z) . Nous avons déja vu comment elles
fournissaient des représentations intégrales, En dérivant F(T z) Tar

rapport & x et z on obtient des relations de récurrence enire les
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£.(z) . Une autre epplication est le calcul d'intégrales contenant les
f.(z) : citons par exemple le calcul des grandeurs atomiques des états
liés de l'atome d'hydrogéne qui peut 8tre fait & l'aide de la fonction

génératrice des polynomes de Laguerre (Condon et Shortley, ». 115).

Les fonctions génératrices peuvent aussi intervenir dans la réso-
lution de certaines équations intégrales (Morse &t Feshhach (1953),
v. 935). Considérons le cas ol les fi(z) forment une base ortho-

-

norazée pour le produit scalaire (f,g) =‘f‘f(z) z{z) du(s)
L'équation intégrale en o : Alx) =.[‘F(x,z) p(z) du(z) vpeut alers

&tre résolue en dévéloppant @(z) sur la base fi(z)

p(z) = T ay fi(z) . L'égquation intégrale devient alors
A(x) = ni ai xl et 1'obtention des inconnues ai se rameéne au
i

développement en série de A(x)
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2. REPRESENTATIQN GRAPHIQUE DES CCEFFICIENTS DE COUPLAGE-RECOUPLAGE,

Les couplages et recouplages de moments cinédtiques s'expriment i
1'aide des coefficients de Clebsch-Gordan (ou des symboles 33 ). Lles
méthodes de Racah permettent dfexyrimer la partie angulaire des $1é-
ments de matrice de grandeurs atomiques en termes de coefficients de
couplage-recouplage, Ies cas 1es.plus simples donnent des formules
contenant un petit nombre de symboles 33 , 6 ou 9j , mais dans les
cas complexes ou un grand nombre de moments cindtiques intervient, il
devient utile d'utiliser la reprssentation graphique des coefficisnts
de couplage-recouplags. (etie représentation graphigque rermet ncn
seulement de visualiser les coefficients de couplage-recouplage, meis
aussi de fournir des méthodes de calcul par réduction aux symboles 33
et 6J . Ila représentation graphique des 3j et les méthodes de
calculs de sommes de produnits de 33 ayant été inventées par Levinson
(1956 a et b, 1957), c'est & tort que nous avons utilisé dans notre
article {annexe I) 1l'appellation de graphes de Jucys (les modifications
introduites par Jucys, lignes de deux épaisseurs, sont surtout d'ordre
pratique). Des exposés complets de ce traitement eraphique se trouvent

dans les livres de Jucys et al, {1965) et de El Baz et al. (1969).
Indiquons maintenant le principe de la représentation grarphique.

Lle coefficient 3] est représenté par une étoile & % branches
{voir fizure 1 de l'annexe I) . Un produit de 3) est représenté par
iz réunion des graphes des 3j du produit. Une sommation sur un nombre

quantique magnéticue m ; T {(-)97° (' ‘ i) (’ ¥ Jm> d'un tel vroduit
m . . - PR



est représentée en reliant les branches (voir figure 5 de 1l'annexe I).
Les graphes des coefficients 6 et 9 qui s'obtiennent par sommations
sur tous les nombres guantiques magnétiques de produitz de 4 ou 6 coeffi-

cients 33 sont reprdsentés sur les figures 12 et 13 ds l'annexe 1.

Bien que les régles de réduction des graphes aient une importance
pratique considérable, ncus ne les décrirons pas icil car nous ne les

avons pas utilisdes,
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3. PONCTION GENERATRICE DES COEFFICIENTS DE COUPLAGE~RECOUPLAGE.

3.1 Fonction génératrice des 3]

Au lieu des 6 indices J, ,m lié¢s par la relation

1 2 J2?m2 B 33!m3

myFE, iy = 0 du 3 on peut infroduire les 9 indices suivants :

1

"
|

g T dyrdy s

ky =3, -3,+3

Bo=g+my Ay =d,-m (i=1,2,3)

La condition triangulaire sur j1,32,j3 et le fait que les ji solient
entiers ou demi-entiers sont alors équivalents & ce que les ki solent
des entiers non négatifs. Ia condition que m, soit projection de ji
est équivalente & la condition que Ki et X, soient des entiers non
négatifs. Notons toutefois que les neuf nouveaux indices ne sont pas

indépendants. En pesant

;k1 k2 k3
L= K1 K2 K3 , les conditions de dépendance
k1 A2 AB

s'expriment par le fait que L est un carré magique (1a somme des

lignes et des colonnes est constante).

dy 3, 3
la valeur du 3j ( 1 2 3) si L

En représentant par GL

m1 I!.'l2 H]3

est magique et en posant GL = 0 sinon, on peut définir une fonction

génératrice des coefficients 3j sous la forme :



.(11,12,13,E1,§2,£3,n1,ng,nB)

&
33J
3 1 1
&1 &2 £3 K1 K3 K1 Ke K3
T 13 g

K2

L1 2

ol la somme porte sur les entiers non négatifs k1,k2 .o k3

Schwinger (1952) a montré qu'en choisissant pour valeur de NL :

!
(k1ﬁ-k2~kk3-k1).

= : T i 1 I i 1 i
L k1. kz. 53. Kij Ka. K3. K1, Kz. KB.

la fonction génératrice @53 prend l'expression simple
T, 13
& = ex £ .
53 1 P 53
n1 ﬂz ﬂB

De la deécoculent les propriétés de symetrie de Regge (1958) des 3j
GL est invariant au signe pré&s par les pernutations de lignes ou de

colonnes et par transposition (72 symétries)

2,2 Fonction génératrice d'un coefficient de couplage-reccuplage

arbitraire,

Nous avons determing une fonction génératrice d'un ccoefficient de
couplage-recouplage arbitraire en faisant intervenir les propriétés
géométrigques du graphe du coefficient. Considérons d'abord le ces du
33 . OCn peut dessiner sur son graphe 6 diagrammes ouverts joignant deux
extrénmités du graphe (voir figure 1 de llannexe I). A chagque diagramme
ouvert T nous associons un meonome M(T) en T,,&.,n. par des regles

1" 71" "1

simples ddcritss au 5.5 de l'annexe I, Avec ces définitions la fonction



géndratrice du 3j s'derit ®33 = exp(-ZM(7)) ol la somme est sur

les diagrammes ouverts du 3j ., Considérons ensuite le cas d'un produit
de 33 . On peut définir sa fonction génératrice par le produit des
fonctions génératrices des 3j , dcrites avec des variables différentes.
Les dlagrammes ouverts du graphe G' du produit de 3 sont ceux des

divers 3j . la fonction génératrice est donc donnéde par la méme for-

mule que pour le 73

&, =exp (-ZM(D))

~
\T!

lz somme étant sur les diagrammes ouverts de @

Examinons enfin le cas général d'un graphe & représentant ume
gomme sur divers m d'un produit de 3j ., Chaque sommation sur o,
fait disparaitre l'indicge mi » ou de fagon équivalente les indices

Ki ’ Ki . Nous montrons dans l'annexe I gqu'il est possible de définir

we fonction génératrice @G du coefficient de couplage-recouplage qui

sfobtient & partir de @G, , fonction génératrice du produit de 33 ,

par une simple intégraticn. Bn effectuant cette intégration nous expri-
noens @G a2 l'aide du déterminant et de 1'inverse d'une matrice. Nous

interprétons ensulte ce déterminaent et cet inverse en termes géométriques.
Cela nous améne & généraliser la définition des diasgremmes ouverts &
un graphe quelconque, et & introduire des dizgrammes fermés (car en
général on peut tracer des circuits sur G ). Ia fonction gérérairice

¢,
\r

rrend alors une forme remarguablement simple

exp

-z M(T))

TE @
1+ M(D)

T
DEX
G [1+ ) M(D)}g

De X
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ol @ et ¥ sont les ensembles de diagrammes ouverts et fermés respece
tivement du graphe G . Ces ensembles soant finis et faciles & construire.
Par exemple, pour les coefficisnts 63 et Gj , i1 n'y a pas de diagram-
mes ouverts et il y a 7 et 15 diagrammes fermés respectivement. Notons
par conire que l'obtention de @G ge Tait & l'aide de calculs graphiques
faigsant intervenir des ensembles infinis de diagrémmes. L'expression de
@G sst moins étonnante lorsqu'on se rend compie qu'll est possible de
facon générale d'exprimer le déterminant et l'inverse d'une natrice &
l'aide d'une méthode graphique. Dans l'article de l'annexe J , nous
dérivons cette expression e% nous montrons son utilité dans des calculs
analytiques & l'aide d'un exemple donné en détail, Signalons aussi un
autre cas dans lequel un déterminant et un inverse sont transcrits en
utilisant des iddes de théorie des graphes. Il s'agit de la méthode de

Nakanishi (1971) qui perme% d'exwrimer les intégrales de Feymman a 1l'ailde

‘des graphes de Feynman correspondants,

%.% Applications,

la fonction génératrice des coefficients de couplage-recouplage
nous permet d'obtenir une nouvelle expression générale des coefficients,
Cette expression, quil généralise les Formules de Racah pour les 3J et
63 , n'est pas efficace pour les calculs numériques car elle ne présente
aucune factorisation., Par exemple pour le §j notre formule se pré-

sente sous la forme d'une somme sur § variables (15 variables lides par

9 relations). Ila formule gxprimant le §j comme somme d'un produit de
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trols 6 est alors plus efficace puisqu'elle équivaut 2 une somme sur

4 variables (dont une par 5] ) et est de plus factorisde.

La fonction génératrice des coefficients de couplage-rscouplage
fournit ur moyen commode d'étude des symétriés des coefficients. Nous
avons déja vu qu'elle donne de suite les symétries de Regge du symbole
3j . Il en est de méme pour le 6 . Nous l'utilisons pour montrer
que les symétries des coefficients 3j , 6] et 9 obtenues & l'aide
de transformations lindairss inversibles des indices des coefficients

sont uniquement les syméiries connues,

Une autre utilité des fonctions génératrices est qu'elles permei-
tent d'obtenir des relations de récurrence : nous donnens un exemple

dans l'article de l'annexe I.
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CONCLUSION

Résumons maintenant l'essentiel du contenu des études présentdes et

rappelons les conclusions principales de chaque étude.

t) Le calcul 2 priori des déplacements isotopiques spécifiques

( Be et Mg §.2.1), dont nous avons souligné 1'intérét pour 1'inter-
prétation de la partie nucléaire de l'effet de volume, est un problime
compliqué pour lequel le traitement au deuxidme ordre de perturbation
dans le modele de HF s'est révélé décevant. ILa situation ressemble &
celle du calcul a priori des énergies des niveaux, ce qu'on peut rappro-
cher du fait que l'opérateur de déplacement isotopigue ressemble & la
partie C?-C1 de l'interaction électrostatique. Nous avons montré
l'importance des effets d'ordres supérieurs au deuxi®me dans le cas trés
simple de 1'hélium. Nous avons vu & ce propos tout l'avantage des
calculs MCHF & orbitales non orthogonales (méthode qui a été depuis
appliquée systématiquement par C. Froese-Fischer) : un calcul utilisant
4 configurations redonne & 1 % prds les valeurs du déplacement isotopique

spécifique du calcul trés précis de Pekeris.
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3

1 .. . A
Dans le cas des termes P et “P du magnésium l'insuffisance au
deuxitme ordre apparait méme avant la comparaison & 1l'expérience : la
variation des orbitales radiales entre le singulet et triplet a un effet

trés importani. Le résultat au deuxiéme ordre est tres peu satisfaisant

et méme moins bon que le résultat obtenu par des calculs "HF simple”.

2) Dens nos calculs a priori de structures ayperfines (§.2.2) nous

avons interprété correciement les valeurs expérimentales trés diffé-

-3 3 3
> af >£

P de l'atome de magnésium. L& encore les effets d'or-

rentes <r ) = 0,809 et <r (1P) = 0,257 concernant les

SC2
1,3

termes 3s3p
dres supérieurs au deuziseme sont importants, mais nous avons pu les

dvaluer.

Dans les cas des termes. de Hund des configurations 3dN4sz du
scandium et du titane, nos calculs ont confirmé le résultat de
C. Bauche-Arnoult selon lequel la valeur du rapport <r-323/<r"3>scg

ne doit pratiquement pas changer du premier ¢1lément au second.

3) Nos calculs du deuxiéme ordre véritable de structure hyverfine

(nfs x hfs) pour le samarium, basés sur une interprétation paramétrique,
mettent en doute l'existence dans ce specire d'écaris observables 2 la

droite de King (§.3.2).

Par contre dans le mercure, ol de tels €certs sont connus depuis
longtemps sous le nom de déplacements peir-impairs anormaux, nous les

evons interprétés corrscisment par une étude phénoménologigue (§.3.3).
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4} Les calculs décrits aux paragraphes 1) et 2) ci~dessus peuvent
&tre appelés calculs de second ordre croisé (notés respeciivement 5 xQ
et his xQ ) dans la mesurs ol ils visent & étteindre une précision bien
meilleure que le méthode de Hartree-Fock simple {"premier ordre"). Pour
les réaliser nous avons développé une méthode (§§. 1.2.2-3) consistant &
utiliser des fonctions d'onde compactes adaptdes au deuxidme ordre
croisé. Cette méthode peut permettre d'obtenir un grand nombre de ré-
sultats er physique atomique du type de ceux présenids ici {auxquels on
peut ajouter le cas dipole xQ ) ou encors du type Sternheimesr par dé-
ftermination d'orbitales virtuelles. Elle est tres facile & mettre en
oguvre car nos programmes, qui forment une chaine & trois maillons,
nécessitent un nombre minimal de données et de plus vérifient des don-
nées de fagon extensive. Rappelons aussi leur utilité dans les calculs
MCHF , soit pour obtenir des approxzimations initiales, soit pour traiter
des excitations de poids trop faibles. Dans la ligne de cette méthode
l'extension au cas relativiste semble un sujet d'étude intéressant car
il est certasin que le besoin d'orbitales relativistes se fera de plus en

plus sentir.

2éme Partie.

Nous avons découvert une formule générale pour la Fonction généra-
trice d'un coefficient de couplage-recouplage dans SU(2) . Cette
Tormule est la généralisation & un nombre de moments angulaires quel-

congue des résultats obtenus par Schwinger et Bargman. Pour 1'obtenir
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nous effeciuons des cazlculs graphiques ; le résultet s'exprime géométri-
quement & l'aide de deux ensembles finis de sous-graphes du graphe du

coefficient de couplage-recouplage.

Cette formule nous a vermis d'obfenir, entre auires, une nouvelle
formule expiicite des coefficients, des formules de récurrence =% la

propriété que les seules symétries inversibles des 33, 63 et 93 sont

celles connues.

La générzlisation de notre résuliat 2 SU{n) seamble %ris complexe.

La représentation zraphique se zénéralise (compliquée par la muliiplicité

e8]
)
=
17
a
i)
0}
{0

rie de Kronecker) mais les calculs, dds SU{3) , sont interve-
nir des intégrales triés difficiles & calculer., De plus, lss fonctions
génératrices des $iats (polynomes bosoniques) sont connus explicitemens
uniquement pour les représentations de la forme m, o, 000 ...

(Eenrich, 1974).
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Abstract. A practical method of obtaining-compact atomic non-relativistic wavefunctions
adapted to the 2nd order calculation of expectation values of mono- and bi-electronic
operators is described. Specific isotope shifts are thus calculated: as a test for the method.
in He 1 152p lor which the exact values are known ;in Mg I for the virtual transition 3s3p ' P~P.

1. Introduction

One way of improving the ab initioc monoconfigurational wavefunction | f) of a Russell-
Saunders (RS) term, such as might be obtained by the simple restricted Hartree-Fock
(HF) method, is to ook for an expansion:

[@) = | f)+Bile))+ Balea)+. .. - (1)

where the le,) are RS terms of the required LS values in excited configurations.

We denote excitations from the fundamental configuration (we thus call the con-
figurationof| )} by symbolslikea — b(for monoexcitations)or ab — ¢d {for biexcitations)
wherea = nl,etc.... Weshall have toconsider series of excitations ab — cd, ab — ¢'d’ ...
such that the resulting configurations differ only by radial orbitals.

In order to reach high accuracy one should allow the excited terms le;) to span a
space as large as possible. In the configuration interaction {Ct) method this is attained
by piling up large numbers of terms with orbitals chosen beforehand, the weights being
obtained by diagonalizing the energy matrix. In the multiconfigurational Hartree-Fock
{MCHF) methed, in which the orbitals are optimized, the number of terms is reduced
but expansion (1) still cught to include, for each excited configuration retained, all RS
terms with proper LS values. This can give very cumbersome expansions. For example
considering the term 4s23d® 3P of NiI we find in the excited configuration 4s?3d%f?2
(corresponding to the excitation 3d? — f?) 35 RS terms with the 3P symmetry.

Compact non-relativistic wavefunctions have usually been obtained by adapting
them to the physical problem under way. Thus the perturbed function method has
been used to study the influence of the quadrupole moment of the nucleus (Sternheimer
1950, 1951, 1954, 1957, 1967). It has also been used in combination with Feynman
graphical methed to study the Coulomb configuration interaction in rather heavy
atoms (Morrison 1972). Lately MCHF calculations have been made producing very
compact wavefunctions adapted to the study of the hyperfine structure of 2p atoms
{Bauche and Bagus 1973). Ancther means of obtaining compact wavefunctions is to
use natural orbitals (L.éwdin 1953, 1956) which can be obtained from CI wavefunctions.
First order wavefunctions {Schaefer {11 er al 1968) of 2p atoms have thus been analysed
in terms of natural spin orbitals (Larssen et al 1972).,
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In this paper we describe a practical method of obtaining compact wavefunctions
approximating the eigenvector of lowest energy (for given L and $) of an atomic non-
relativistic hamiltonian M and adapted to the calculation of the mean value of an operator
A up to the second order of perturbation. The method consists in contracting the
wavefunction in two ways. (i) The first contraction is accomplished by choosing
peculiar angular couplings in the excited terms. This choice, which is described in
§ 2. s made by angular reasons, not assuming previous knowledge of the radial orbitals
and heeding the fact we are interested in the mean value of 4. (i) To a given angular
coupling, such as obtained in (i) corresponds a series of excited terms differing by the
radial orbitals. This series can be reduced to one term in the case of monoexcitations.
For biexcitations, it can be simplified by the use of natural orbitals (Lowdin 1953, Weiss
1967). This point is described in § 3.

2. Choice of the excited terms

[n this section we describe a method of choosing the angular couplings of the RS terms
entering into expansion (1) with the aim of making it as concise as possible. Such an
expansion would be suited to calculations in the MCHF scheme. The method is based
on the fact that we adapt the wavefunction to the computation or the mean value of
an hermitian operator 4 up to the second order of perturbation. Considering the
hamiltonian

-,
H =H+A4=H,+0+A4 with H0=Z(5};P?+V(rs))

we only retain in expansion (1) the RS term |e;) when it contributes to the crossed second
order energy of Q and A for | /). The condition is (f/Q/e)e/4//)/AE # 0 and we split
it in two:

(f/Hje) # 0 (2)
(f/Afe) # 0 " (3)

where we used (f/Hp/e;) = 0. Clearly we have to keep to excited configurations that
possess terms such that {2} and (3) hold. From (2) it follows that these differ from {f)
by only one or two orbitals. Moreover when A is a monoelectronic operator (eg a
hyperfine structure operator), from (3) it follows that the excited configurations are
obtained by monoexcitaticns of | /).

The states le,), le,) ... le;), here not necessarily RS terms, are supposed to form an
orthonormal basis of an excited configuration E. We want to find a new orthonormal
basis [¢}), 15}, .. e, ek 1} .. [e]) having the property that (2) and {3} are both satisfied
only for the first k states {e}}. .. |e;), so that for each |e}) (i > k) at least one of the two
off diagonal matrix elements (f1Hle!) or (fidle]) vanishes. Furthermore we want the
solution to be obtained by angular considerations. so that it will be independent of the
radial part of the orbitals. Since the compact wavefunction we are looking for only
contains l¢)) states we have to make k as small as possible. Second order values can be
calculated as well from the je,) as from the whole configuration. These values can be
expressed in terms of second order parameters, so that there are as many le;) as indepen-
dent parameters though, as we shall see later, the solution j¢}) is not unique in general.
To find a solution of this reduction problem we proceed in two steps.
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Step !

We rotate the Je;) states to obtain a new orthonormal basis el ). el [el2y )y .. lel®)
of E, satisfying, for angular reasons, the relations (f1Hle!") % 0 and (f1Hle) = 0.
In fact we are only interested in the iet*). Forevery lx)in £ we write the matrix element
(f1H|x) as (f1HIx) = I, o (x)F;, where each 7 is a radial integral (a Slater integral F,
G or R or possibly a central field integral [,,. ., in the case of a monoexcitation nl — 7'l),
and each «,(x) is an angular coefficient which does not depend on the radial orbitals.
For each k 2,(x) is a linear form on £ and can be written as a{x) = (a,/x) where |a,) is
a vector in E.

Now if we call £ the span of the vectors la,) and construct a basis el .. lelth of
E" we get the terms we were looking for, since

(SH1x) = ¥ (a7,
is zero when |x) is perpendicular to £. We note that it is not possible to find less than
ky (= dim £) terms {e!!) when the knowiedge of the radia! part of the orbitals is not
assumed.
One way of building a set fe!") is 10 apply the Schmidt orthogonalization process to
the vectors |a,); the matrix elements of H are then of the form:

(f1HleM) = @Iy +ay 7+

ctan7,
(fIHIEY) = b, T3 +.. +b,7;

(fiHlel)) = 9.7,

[t is to be noticed that the radial integral 7] only appears in the first matrix element.
One important property of the |e!!) is that they are Russell-Saunders terms with
the same SL values as | /),

Step 2

We rotate the [e{'). . . |e{!) to obtain a new basis of £ lel}. . lekdlercy). .. ley,) such that
(f14le;) # Oand (f1Ale}) = 0. Clearly this step is like the first one, but with M replaced
by 4 and with different initial states. Of course the radial integrals Z; are also different.
Finally the |¢}) are a solution to our problem.

When the operator 4 is any of the hyperfine structure (hfs) operators (sC2, C2, L,
contact operator) or the specific isotope shift operator ¥ we are left in the end of the
reduction with one term |e)) (or exceptionally 2 terms), in agreement with the fact that
there is one second order parameter (or exceptionally 2). In these cases expansion {[)
is greatly simplified. When the reduction can be made to only one term le}), it is easy
to obtain an equation for f¢}). We write, as in step I, for every {x) in the excited con-
figuration E:

(fiHix) = T (a/x)7 and (x/4/f) = (x/b)T"
k=]

where la,) and 1b) are vectors in F,
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Expressing that the second order values calculated from only le}) is equal to the
value caiculated from the whole excited configuration E we get for i¢) ), assumed normal-
ized, the equations:

(a/e1)(€)/b} = (ayb) (I €k<nl

[n general the solution is not unique. An advantage of the procedure we use is
that the obtained |e}) have the same SL values as | f).
We now consider the case when A is the specific isotope shift operator

{
L= Tﬁg,-p"p"

for a nucleus of mass M. if

(fIHle) = aR(nl 0"t W T= LT = D).

then

{f1%le) = Aeat(n, n = DJ(nt,n"l = 1)
where 4 is a numerical factor (= 2m/M Ryd), ¢ is &1, « is the same as the coefficient
of the Slater integral R in (f[Hle,) and

=43

JnlnT=1) = j R,,,(ﬁt';l»:»—l—w—{-:—I—R,,-r_1 r2dr
0 dr r

is a radial integral (R, is normalized by ¥ R*r?dr = 1) (Stone 1959).

In that case the method of finding le}) can be somewhat simplified. if in step | of
the reduction we labe! the radial integrals in order that &, = R' only le}) contains the
integral R' and hence is the only term in the excited configuration to possess a non-zero
specific isotope shift matrix element with | /). Steps 1 and 2 of the reduction are thus
made in a single step. In some excitations, such as 2p3p — d? one may come across
two integrals R1 and RY'; we then choose 73 = R' in equation (4) and finaily obtain
two terms |e}) and |e}) which cannot be reduced any further. We can note that for £
the reduction to |¢}) (or to |e}) and |e4)) is unique (but for a rotation of the [e)) states) in
opposition to the general case.

A computer program has been written to effectuate the reduction when A is any
of the mentioned operators, and to calculate the angular matrix elements of M and 4.
Further details about it are given in Appendix A.

3. Determination of orbitals and of mixing coefficients

3.1, Series of excitations

Series of excited terms differing by the radial orbitals ought to be introduced in wave-
function (1), but when a method of optimization of the radial orbitals, such as MCHF,
is used, the number of terms can be reduced according to the following considerations:

(i} The series of monoexcitations nyly — n'*l, nyly — 13 ngly — n'>'1, .. (including
also continuum type orbitals) can be reduced to one monoexcitation ngly — nl. More-
over when the monoexcitation nyl — nl is considered the X term defined by Bauche
and Klapisch (1972), which satisfies Brillouin’s theorem, can be suppressed. When the
excitation ny! — ni contains only the X term the excitation is then suppressed altogether.
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{ii) The reduction of a series of biexcitations cannot be as drastic as for a mono-
excitation, and one needs in principle an infinite series. For exampie the set of biexcita-
tions of He t 1s* *S: 1s* — pf, 1s® = pd, 1s® = pipy, 15% = pip, 187 = piPu, 15 — pubu
can be reduced to the 3 excitations {s* — p;?, 1s? — pif, 1s* — pif as shown by Lowdin
(1953) {ps, pu. P e approximately the natural orbitals). A number of biexcitations
can be reduced in this way. Thus for the excitations of 3s3p *+*P of the type 3s3p — pd
it is sufficient to consider the series 3s3p — p,d,, 3s3p — p;d,, 383p - p;d, ... where
the radial orbitals 3p, py, P2, p3... as well as d,, d,, dy...are orthogonal. A more
complicated reduction is considered in the last paragraph of Appendix A. For practical
reasons in this work the series were limited, the number of terms taken being usually
3,2 or even just 1.

One important feature of the method is that there is no need to introduce orbitals
of the continuum type.

3.2, Optimization of the radial orbitals

Having chosen the excited terms and expressed the energy matrix with Slater integrals,
the orbitais and the weights of the excited terms can be determined by means of the
MCHE method. A program written by Froese (1969) and modified by Bagus was at our
disposal to carry out these calculations. Unfortunately the use of the program was
limited by difficulties in the convergence of calculations espcially when orbitals have
small occupation numbers, This convergence difficulty has led us to write an analytical
program to determine the radial part of the orbitals. The principle is very simple: the
orbitals are made to depend on a few parameters and these parameters are optimized
s0 as to minimize the energy. The program is described in Appendix B.

4. Calculations of specific isotope shifts

We applied the method just described to study the influence of configuration mixing
on specific isotope shifts. We restricted the study to spectroscopic terms belonging to
the same configuration, expecting o lessen the number of excitations needed to interpret
the relative shifts within that configuration. When the matrix element of H between
one excited state and the fundamental has the same formal expression for every intial
term in the considered configuration (the same property is then also true for ), then
the excited state contributes by the same quantity to the various shifts if the same radial
orbitals are used for the whole fundamental configuration. Rather than the same radial
orbitals we used different simple HF wavefunctions for each initial term, so that these
excited states also contribute to the relative shifts, but in an appreciable way only
when external shells are excited.

4.1, Hei ls2p'*P

For Her 1s2p **P very accurate theoretical values of the specific isotope shifts were
published (Schiff et al 19635). To test our method, we calculated second order expectation
values ¢ of the operator I by considering the monoexcitation 1s — d and the two series
of excitations, limited to the first two excitations: 1s2p — s,;p,, 152p = s;p, and
1s2p — p\dy, 1s2p — p,d;. Excitations like 1s2p — df, not contributing to the second
order expectation value of Z, were left aside. We treated the excited terms separately,
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each virtual orbital being made to depend on 3 parameters and determined as explained
in § 3. From this first order wavefunction we obtained the values of the energy £ and of
g given in table 1, on the line “2nd order’, in atomic units, without the nuclear factor
m/M for the isotope shifts. We also give the results obtained in the same way by using
only the 3 excitations 1s — d, ls2p — sp, 1s2p — p'd’ {'simplified second order’). Itcan
be seen that the values of ¢ are very close in the two calculations.

To account for higher order effects we made genuine multiconfigurational calcu-
lations including the 3 excited terms 2pd, sp and p'd’. The oribtais pand p’ ord and d’
were not taken orthogonal and the core 1s and 2p functions were also parametrized.
We used a 5 parameter description of each orbital, the initial vaiues of which, for ls
and 2p, were obtained by comparison with the numerical simple HF orbitals. The main
effect when the core functions are allowed to relax from their simple HF shapes is to
slightly draw in the 2p orbital. The weight of the excited 2pd term then increases at the
expense of the sp term and the values of the specific isotope shilts are then in good agree-
ment with the exact values (table |). 'Each of the obtained 4 configuration wavefunctions
can be retained as good, as long as the specific shifts is concerned, and still easy to
picture.

Table 1. He 'P and *P: values of the specific isotope shift in sundry calculations (atomic

units).
He 'P He3p
E o £ ¢

exact valuef -2.123843 004531 — 2133164 - 006356
simple HF —2.122454 003515 —2131437 - 006611
Ind order - 2:122749 004267 —2.13{596 - 0-06079
simplified 2nd otder? -2.122726 004279 —2:131352 —0-060354
4C parametrized core —2-123647 0-04583 -2133028 - 006363
4C" (by Froese's

program) —2.123513 004413 - 2132969 - 006532

T Schiff et af (1963).
1 Without doubled excitations.

We also considered what could be done with Froese's multiconfigurational HF
program. Since it is not possible to introduce non-orthogonal orbitals, and since in
the second order treatment the virtual orbitals p and p’ on the one hand and d and d’ on
the other hand are very similar, it is tempting to use the excitations 1s — d, 1s2p — sp
and Is2p — pd. However such a study is not possible with Froese's program because
the energy matrix element between the first and third excited configurations contains
the integral I;,_,. The best choice in a 4 configuration treatment compatible with the
limits of the program was found to be Is - d, 1s2p — sp and 1s2p — pd’ with the
restriction d .. d’. The resulting ¢ function is very much like the first order one, in
agreement with the fact that the third excited configuration gives the most important
coniribution to the energy. But now the d function has to be orthonormal 1o d': it is
then strongly modified and looks like a 4d function; as a backlash the weight of the
excited 2pd configuration is dramatically decreased. These facts explain the not too good
values of the specific isotope shifts (table 1).
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4.2, Mgi 3s3p*?P

In the case of Mg13s3p, the aim was to obtain a 2nd order value for the specific isotope
shift oap—ip of the (virtual) transition ' P-*P. The excitations given in table 2 are those
which possess different formal non-diagonal matrix elements for the energy in ‘P and °P.
The values for the specific isotope shifts calculated from these excitations, in the same way
as for Het and with the use of reduced terms constructed with the process of § 2, are
given as ‘partial second order’ in table 3. The remaining 44 excitations contributing to
the specific isotope shifts in the second order have the same formal matrix elements but
in spite of it contribute largely to os_ .p because we start from different HF orbitals for 'P
and *P. The results obtained by considering all these excitations are given on the line
‘total second order’ in table 3 and compared to the experimental (Landolt Boernstein
1952) and Hartree—Fock {Bauche 1969) values. As in the case of He (. the present calcula-
tions were made by treating the excited terms separately and adding the second order
contributions to the HF values, each virtuai orbital determined depending on 3 para-
meters. The excitations giving the largest contributions to oip - 1p were seen to involve at
least one of the external orbitals 3s or 3p, and to contain a virtual d orbital. The presence
of a virtual d orbital can be understood by the fact that s and p virtual orbitals are rather
wriggly, being orthogonal to 1s, 2s and 3s (or 2p and 3p) and usually produce poor
correlations and also smaller J integrals in the isotope shift.

Table 2. Mg 1: list of excitations having different formal matrix elements in 'P and ip

Isor 2s -+ s 1s2p or 2s2p — 3s3p 2p3p — 53
2p—3p 1s3s or 2s3s — plp 2p3p — 3sd
p-p 2p3s — s3p 3s3p - sp
Is-d 153p or 2s3p =+ 3sp " 3s3p — pd

Table 3. Mg ®P and 'P: comparison of experimental and theoretical values for o (atomic

units)

Tp Gip Gipoip
experimentt —-0-1410
simple HF § -277177 - 273563 ~0-1612
partizl 2nd order~ —27-6362 —27-5029 ~0-1333
totat 2nd order ~22:2283 — 320648 ~0-1635

t Landolt Boernstein (1952),
1 Bauche (1969).

Series of excitations were also introduced when the first excitation was important.
One striking feature appeared in the series 2p3p — di, 2p3p — d3...: the second
excitation, though having a smaller mixing coefficient, is more important than the first
for isotope shifts. This curious phenomenon, already observed by Keller {1972) is
linked with the trouble encountered by the virtual d orbital in correlating at the same
time the widely spaced 2p and 3pfunctions (we have {ry,» = 0-683 and'<r3p> = 4.069 au).
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5. Conclusion

The calculations of second order expectation values of a bielectronic operator, the
specific isotope shifts, made on He and Mg show the critical importance of higher order
effects. We were able to take these effects into account in the case of Her by MCHF
calculations. In Mg 1, where LS coupling is very good for 3s3p, we attribute the poorness
of our second order value to higher order correlation effects. Wealso saw that it would be
desirable to perform non-orthogonal MCHF calculations {which are equivalent to ortho-
gonal MCHF calculations with non-diagonai central field integrals allowed (Froese 1973)).

The application of first order wavefunctions to calculations of expectation values of
monoelectronic operators is quite simple since the number of excitations is very smali.
in the case of hyperfine structure operators (contact term excepted) good results were
obtained by Bauche and Bagus (1973) in the 2p atoms and by Bauche et al (1973) in Mg 1.
But higher order effects (in particuiar near-degeneracy effects) may have to be considered.
Thus in Li*P, Nesbet (1970) shows thai the two-particie correlations of is2p are very
importtant.
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Appendix A. Details of the reduction program

Theinitial |e;) states are taken to be Slater determinants of given M M values and matrix
elements are computed in floating point form from the ¢*(!m I'm’) coeflicients.

As an example let us go back to the excitation 3d* — {2 of 4s23d® *P which possesses
35 terms of symmetry *P. The number of excited determinants is 225. The off diagonal
matrix elements are expressed in terms of the three Slater integrals G*3d, N (k= 1,3, 3.
When the specific isotope shift is studied we only retain term |e}), the only one to contamn
G!. This term can be characterized by its matrix element

(fIHle,) = 1.943487G" —0-050964G> — 0-245019G°,

Construction of ‘allowed’ and ‘forbidden’ terms

When studying excitations in Ne, Keller (1972) came across cases in which the reduction
of a series of biexcitations is not as straightforward as in the cases considered in § 3.1. If
E{d) for example is a certain term in the excitation AB — d* we have, replacing the
radial orbital d by ad + 84/,

Efad+Bd) = L2E(d)+2V2apS(d. )+ f*E{d).

This equation defines a term S{d, d') which can be shown to be a normalized term in the
excitation AB — dd’. Furthermore it enables us 1o carry out a reduction by the method of
Lowdin as in the examples of §3.1: the set E{d;), E{d,), Ed{du) Sddy, dy Sd{dy, duh
S4d;, dpyy) can be reduced to a new set E(dy), E(dy) E{diy). Thus the terms S{d, d’) are
not useful. But the'excitationAR — dd’ may not be exhausted by terms of the form S(dd’)
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and contain useful terms 4 {d, d"). The program permits separation of the ‘forbidden’ S
and ‘allowed’ 4, terms (oniy the 4; are being retained) by making use of the property
expressed in the followmg relat;ons

(fIHIS) = Y %R and  (f1H|AY = T BR*
where

R% = RMA, B, dd") £ R¥A, B, d'd).

Appendix B. Details of the optimization program

Radial part of orbitals

When simple and multiconfigurational Hartree-Fock orbitals are compared it is to be
noticed that some orbitals vary very little from one calculation 1o the other. For this
reason we allow orbitals to be determined once and for all (obtained for example from a
simpie HF calculation). The other orbitals are taken in a parametrized form. We first
define an order for the orthonormalization of these orbitals. Then following this order
for each orbital we compute
q
S= Y aV, e (B1)
i=1 :

This is a sum of ¢ Slater functions with the fixed integer exponents k,. The parameters
are the coefficients a; {except a, which is made equal to 1) and the numbers % in the
exponents. N, is a normalizing constant: N, = (2a)** V2/[(2k)1]"/2. Then the radial
orbital P is taken to be

__ S-I{SIPA
T S =TSIRFTT

where the P, are the orthonormal radial orbitals preceding the one under 'calculation
and to which P must be orthogonal. The scalar product is here (P/P') = [§ P(r)P'(r} dr.
We have obviously (P/P) = 0 and (P/P) = |. In this way we achieve a descrzptlon of the
orbitals with a small number of parameters (a sum of three Slater functions—that is five
parameters—usually gives a very good description of the function) and it is possible to
introduce non-orthogonal functions of the same ! value.

Calculation of the energy

Once we have the orbitals we can calculate the mixing coefficients and the energy in two
ways:
(i) Second order treatment. We need the matrix elements {(fIHf), (f1Hle) and
(eHle;). The (unnormalized) wavefunction is then given by
H.
D) = |f) = T e
b=1f) xZ‘Hii"Hj‘fiel)

and the energy is

2
H;,
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(ii) Exact treatment. By diagonalizing the whole energy matrix we obtain the best
weights for the given orbitals. -

These calculations are made by using a numerical representation of the radiaf part
of the orbitals : the value of the function is computed at the points r, = r, ¢ and a four
term expansion is used near the origin. The necessary Slater and central field integrals,
and maybe overlaps of orbitals are then calculated numerically.

Optimization of the parameters

We have just seen how the energy can be computed in terms of the parameters defining
the orbitals. According to the variational principle we have to minimize the energy. We
use for that the simplex method described by Klapisch (1969} which oniy necessitates the
knowledge of the function to be minimized. There is a drawback to the simplicity of the
method: the energy has to be computed a great number of times ; the speed of compuia-
tion depends mainiy on the time of computation of each integral (the time spent, for
functions defined on 150 points is between 9 and 15 ms on the Univac 1108 computer),
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Pregram Summary.

Title of program : TERM .

Computer : UNIVAC 1110 ; Installation : Université d!Orsay, France.

Operating system : UNIVAC 1110 ZXEC 8 .

Program language used ; FORTRAN V ,

High speed storage required : 50 000 words.
g0 ST g

No of bits in a word : 26 .

Overlay structure : none .

No of magnetic tapes required : 1 (for outpu’c).

Other peripherals used : Card reader, line printer,

No of cards in combined program and test deck : 5148

Card punching code : IBM 026

Keywords : Atomic structure, angular momentum, spectroscopic notation,
coupling, determinantal staies, angular matriz elément, reduced mnatrix
element, W operatorsl, creation operator, annihilaticen operatfor, ceef-
ficients of fractional parentage, guasispin, Slater integrals, hyperfine

structure operators, multipole operators, n-particle operators.






.-

Nature of the physical problem,

The program generates the decomposition of an atomic state inte
Slater determinants from its descripiicn in the uswal spectroscopie
notation. The output is directly usable by the prog;am EXCGH [1]. The
program can also computz mairix elements and reduced matriz slements of
+ (1/2) A0 ) (2) (2 (n)

operators a , a , W as

, & oW, W,
i i J 3 k

1g... <
well as products of such operators coupled in any way. The results are

given in an exact 2aYo/c¥d form.

Method of solution.

Bach shell-is generated by the projectior methcd. Couplings are
computed from 3jm coefficisuts. Mairix elements are calculated from

determinantal states,

Restrictions on the complexity of the problem.

Fach shell is given in SL coupling. There are no restrictions for

further coupling between shells and operators,

Typical running time., The test rurn containing 16 computations takes 19s

In general, computation of determinantal states is fasi, but computation

of matrix elements can be very long.

Unusual features of the program, FORTRAN V instructicns INCLUDE and

PARAMETER, intrinsic functions FLD , ENCODE and DECOIE.
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1., Introduction,

The program TEIRM described in this paper is the first link of = chain
of 3 programs aiming at computing 2rnd order values in non relativistic
atomic physics. It comstructs the development in 3later determinants of
an atozic state given in the spectroscopic nefation, i. e. esach shell is
SL coupled and the various shells can be coupled in an arbitrary way. As

a py-uvroduct the wogram also computss matrix elements.

The second program of the chain, EXCGH, which is described in [1]
consiructs from angular considerations a compact set of excited terms for
2nd order calculations adapted to the physical problem under way and computes
the angular energy matrix. The perturbed radial orbitals are determined by
the third program EDD [2], which optimises an analytic description of the

orbitals.

The mrograms TERM and EXCGH perform angular calculations using deter-
minantal states and not Racah's algebra (except vector coupling coefficients).
Thus computational times may be wvery long for complicated matirix elsments,

But in the usual uses ¢of the programs these times are short.

In the program TERM the computations are done in an exact way by

representing square roots of rationmal numbers as in Rotenberg et zal. [3].

The matrix elements or reduced matrix elemenis {as defined in [4]
page 42) that can be computed in TERM are those of annihilation and crezation
operators <’§(nz) , 2 (ns) or a(?/2)(n£) {(1/2 is the quasi spin) as
defined by Judd [51), operators

% W(1)W§?’)
ici...x bt

(21) W(n) (1)

(2)
l-'W. W. LI B 1
g3 x






(a)

where 1,3...k are slectron labels and where the w are the w“k(nz,n'ﬂ‘)
one~particle operators defined ﬁy Fenguille [63 (a=1,1"...2,2"...n stands
for w,k,nf and n‘ﬁ‘), and products of such operators. TFactors are included
converting these operators to elsctrostatic, hyperfine structure, spin-orbit,

multipole or fractional parentage operators.

2, Method of solution.

An example of ilnput data is

J=17/2,9/2 %

(4¥2:3H4; 65:1/2; (4,1/2)7,3/
F{Q) w(0,3)(4F,68) . w(0,3)(6S,4F)
/{4F2:384 ; 6S:1/2)3,7 )«

3

which produces as result the coefficients of the Slafer integral & (4f,6$)
in the energies of the two states

23 2
|(4f H4 , 63 81/2)J,MJ> (where MJ

The two ways in which the bra and ket are written above are both allowed

=J take the values 7/2 and 9/2).

to represent the same staie,

The decoding of data produces a series of elementary cperations :

(1) construct the state in shell nﬂp with given k , S, L, MS and ML
values (k==1,2... if there are several terms of the same SL vaiues) (see

secticon 2.1) 3

(ii) construct an elementary operator ( a of w ) ;






(iii) construct a Kronecker product (i. e. put 2 shells/operators one

after the other) ;

(iv) comstruct & coupling (3j,,3.)3=, (i, e. form & sum weighted by
12d2/d500

Clebsch-Gordan coefficients) ;

(v) determine a matrix element ; this nscessitates the construction of the

sequence of operators (see section 2.2) H

(vi) initiate loops on variables {in the above ezample J=7/2,9/2)

2.1 Construction of determinantal states nﬁp 3L MS ML .

The determinants d1,d2...dN of shell n¢® which are eigenfunctions

of SZ and LZ with respective eigenvalues § and I, are ordered

following the alphabetical order defined by the €alphabeiy

- + - - -
£’£—1..0“£’£’Z_1.-4’—-£
) Sax - Sux .
We put P = 0 (swsﬁgﬁﬂ) i (1°-1.(1.+1))
S, =S+1 L =L+ 4 4
1 J
- . P
where SMAX and LMAX are the maxmmumiwalues for shell nf

P transforms d1,d9...dN in eigenvectors cof §2 znd 12 of eigenvalues

s{s+1) end L(i+1) respectively.

The method consists in forming a basis of the span of vectors
§d1,§d2...§dN following Schmidt process., Practically the process is
stopped at the ¥E-~th 1basis wvector ( K given in data by nzP:K:S,L or

X=1 if not given ; see section 5.1,9).

Eventually state 3 L MS ML is obtaired from the shift operators

3 and L






2.2 Determination of the sequence of operators,

The operator is decomposed in a sum of products of one-particle

operaters of the type :

(1)W(2) . QP) (2)

or of the amnihilation-creation type. The action of such operaters on

determinantal states is very easy to program.

. 2 .
For example I W, Wj is computed from
¢

decompesition i‘(E W§1))<E w<2))—'l W§1)W§2) . (3)
2 5 1 ; 1 2 i i
: (1) (2) . . L L
Since Wi and qj _ (w1th 15£J) commute decomposition (3) is not

unique, One could also utilise

(1)) Lo L2 (1)

(2))(2 w, - W .

i cod 2 5 1

L (
- L
2 i i

We now describe the algorithm used to decompose coperator (1). The

various indices » , k , q, Q , n1£1 , k' ... characterising

H
by M s
. nk w'k!
the one particle operator WqQ (n1£1,n2£2) Wq,Qr
represented by a label i€ {{,2...,n}=I . So w.l acts on electron

(whére e = (1) (1r)
je {1,2...,number of electrons}=J) and stands for Wj Wj “en

(n 2y n3£ .. will be

in eq. (1) with all projection numbers defined.

For esch subset H of I formed of labels (h.). . such that
17 1gigy
h1<h2<...<hv we pui
(e,) (n,) {(n )
A 12 v . (a)

oW, os W,
J J d






) be a partition of I . Putting the Hi in boxes we form

Let (Hi i

©
B
bt
U]
ot
e}

(5)

F=!HK H2 v Hk

We shall add flats and multiply them by rational numbers treating them as

g

a basis of a vector space

A 1
I = I w W8 .. .WV
€y ¢

ReT
veEJ

and :
() {g) ()
FD = I w 1 WB 2 .. Vﬁk (7)
x€J
geJ
vEJ
all «,B...,v different
It 1s seen that FD is not dependent on the order of the Hi )
. . A D .
By linearity X and X are defined for any Xe€3

whereas FA is,

(8)

{e} | {3}... | {n}

Put E_=| {1}

The aim of the decomposition is to express Ei as a XA with X¢ Szv
We shall denote the set of partiticas of I dn Xk elsments by é?k s

n
in any number of elemeats by E?== T g)k We order disjoint subsets of
k=1
I 1n the following way :

BH={p,.0h ) <E = {h;,...,h\'},}
if v>v' where v(v') is the number of elemenis of EH (H') or

1

v=v' , h, <h' whers h1 (h%) is the smallest element in H (H')
t

'—J.
-






We shall say that partition (F'). . ¢ § is coarser than partition
1Tgigv!

F i ig is i ded 1 ! d if th
(Hi)1$igv€ Y each Hi (161\v) is included in one Hj and if e

two partitions are different.

We define for flat F in eq. (5)

==

R{(p) =z | T | &®
q 1

whers H%< g1<... < Hé and whers the sum is over the partiticns

2
T b - 3 - that
(Hi)1<i<q€ 32 coarser than partition (Hi)1<iSk . We see that
Rq(F) =0 if q»k . By linearity fthe operator Rq is defined on tke

vector space SP .
Starting from E_ eq. (8) we define recurrently :

N1 n n-1""n

(10)

[c3]
n
=
|
=]
—
el
~—

Then a solution of the decomposition problem is given by the equation :

g’ = gt . (11)

Proof : Writing eq. (6) for Ei and gathering the w having the same

electron labels in each term of the sum we get







DA D
Eann-EH.K(En)
k
A A D
=E -fR(E)"+ & =»_ R(E)
n x ' n WG Rk DLk n
A i A
=E + I z (-)"R_R_...R_ (2) . (13)
P A S DLK1 £2 Rki .
A 172 i

Using eq,. (10) to obtain E1 in terms of En this last expression is seen
t0o equal E? . Other deccmpositions could be cobtained by modifying the

ordering of the subsets of I .

The program uses the algorithm described by eq. (10) : having cons-

tructed the sum of flats EQ+ the sum Bq is obtained %y adding %o

1 ’

e ]

the flats of g boxes obtained from B by the operator -R
g+ q+1 q

{there may happen cancellations only among these new flats, not with those

of E .
q+1 )

Z. Description of the program,.

The role of the various subroutines is described in table 1
Subroutines'whose namé begins with IC serve to décéde the input data,
thése beginning with ER serve in error detecting, with PRT ir printing,
with ﬁG in doing arithmetics in Rotenberg form, with WE in constructing

states or computing matrix elements,

4. TUnusual features of the program,

The following FORTRAN V pecularities are used In the program,
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4.1 PARAMETER and INCLUDE .

For example, instead of writing a statement
COMMON/T/T( 100)
in N subroutines, we write
INCLUDE T
ter having defined a TFORTRAN PROCEDURE T containing
PARAMETER TP = 100

COMMON/T/T(TP)

In the program an extensive use is made of these statsments, which
permit to modify easily the dimensions : only the PARAMETER card has

to be changed, and the whole of the program is to he recompiled.

As a guide for modifying dimensions, at the end of each run, the
rogran prints the value of each PARAMETER , as well as the value which

would have bheen sufficient for the run (utilised value).

4.2 TLD Ffunction.

The FLD FORTRAN function is an intrinsic funcition for bit manipul-
ation which is described in detail in [7]. I% is used in the following
form :

FLD(e,£,4) = FiD(bv,2,B)

which replaces dits a,a+l,...,a+f~1 dn word A by bits b,b+1,...,0+i-1

of word B . The bits in & word are numbered from O to 35,
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4.3 DECODE function [7].

t is used in the following form :
DECODE(f,4)1ist
which has the effect of reading word 4 (and following words) and Filling

the K1list>»®» according to FORMAT £ ,

4.4 ENCODE function.

It is used only in subroutine ICW

ENCOIE(6, 17 ,MEMOIR ), (TRV(C3+I),I=0,5)

17 FORMAT(641)

wnich has the effect of filling MEMOIR with the first alphanumerical

characters in the 6 words TRV{C%) , TRV(C3+1) - — TRV(C3+45)

5. Input date.

It consists of cards, The position of the data on cards is
arbitrary, columns 73 -~ 80 being ignored. Blanks are ignored except in
some keywords (sections 5.1.13 and 5.3.3) which must be written without
blanks.r The input data uses the symbols ':' {5-8) and Tyt (6—-8~11)
where we indicate fthe perforation code, with fthe convention of enclosing

in single quotes special characiers or strings of characters .

Fach run can consist of one or ssverzl computations, the input data

for each computation ending with a '*!
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The program prints the values of the TARAMETER's and sfiops when
reading the keywoxrd 'END' of 'FIN' written without blanks, and followed

only by blarnks.

Fach computation takes one of the forus
a) Z1 % 22 *
by 72 *
where we underline characters '$' and '*' o indicate that they must
appear exactly as writien. The specificaticns for 21! and 72 ars
given in sectioms 5.3 and 5.1.15 respectively. 21 {absent in b )
defines commands and loops. Z2 describes the atomic state or matrix
element %o be computed : it can depend on variables that must be defined
in 21 . The state or element is then computed for all values taken by.
the wvariables. In the example given at the beginning of section 2 ,

Z1 corresponrds to 'J::7/2,9/2' indicating that the caleculation is

to be made twice with the variable J taking the value 7/2 and then §/2.

22 , as can be seen from the same example, is very similar t¢ the

crdinary spectroscopic netation. So the mnit

T4P2:3HL!
represents the coupled subshell 4f2 3H4 . In the irnput language this
unit is called a CNQ . It is formed of two smaller units : '4F2!

(Which represents a subshell and is called an nﬂP ) and '3H4" (which

represents guanium numbers and is called an NQ ) linked by cheracter ':t

The input language is described below by defining units of increasing
complexity. Once the units nﬂP and NQ have been defined, an coption
(corresponding to the above example) for a CNQ 1s defined as

et mg
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5.1 Descripticn of zone Z2 .

5.1, Integer. It is an unsigned integer, blanks ignored so '1,.0'

oy ik i i v

represents 10 : '+1' and '=1!' are not integers 3 '0' iz an integer,
; 3 g

5.1.2 Half integer. Two cases

a) integer

b) integer/2 (error if integer is even)
Rxamples : 3 ; 3/2 rewesenting 3 and 3/2 .

5.1.3 Unsigned variable, Two cases

a) half integer

b) an arbitrary name beginning with a letter and not containing the
following 9 characters { (,),: ,comma ,=,+,=,.,% } .
At most the 1st 6 non—blﬁnk characters are kept.

Type of an unsigned variadble : in case a) the unsigned variable is said

to be of type N (numerical), in case b) if the name begins with an M
(resp S, resp L, resp J ) it is said to be of type M (resp 5,
resp L , resp J )., Otherwise the type is undetermired.

Examples ¢+ 3 3 J ; MJ1 ; K (of respective types : N ; J ; M ; undetermined) .

5.1,4 Variable. It is of the form : sg unsigned variable where
sg is @ (blenk zone}, '+' or '-! .

Type of a variable : if sg is P or '+!' the type is that of the unsigned

variable, if sg is '=' the type is M except for *'-0' which is of type N .
Examples : ~3/2 (of type M ) ; +J1 (of type J ).

Of course if J{ 4is an unsigned variable defined in zone Z1 and taking

2 certazin value, -J1 is considered to be defined and taking the opposite

value,
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2
5.1.5 2SHL and “S+1LJ , representing the usual spectroscopic
‘ 2
notations, 2S+1L is of the form : integer letter and “S+TLJ of the
23+1 ) . . s i A )
form L half integer where leiter is one of the following

characters ;
{ s,?,D,?,&¢,H,I,KE,L,M,N,O } .

Bzamples : 180 ; 2P3/2 representing 1SO and 2P3/2 .

5.1.6 ng , representing the nf shell filled with p electrons,
Two cases : a) integer letier,
b) integer letter integer,
where letter is as in 5.1.% . Case a) corresponds to p=1

One must have n > £ and O < p  2(24+1) .

Examples ¢ 282 3 292 . ; 4F representing 232 . 2p2 and 4f ,

5.1.7 cp} , representing a coupliing .
Two céses': a) (J1,72)53 M7 |
o) (J1.92)73 or (J1,52)33 .
where J1 , Jél and J3 are %ariables of types #M
MT is a vériable §f arbitrary iype, represénting the projection of J3 ,
Note in type D) +that 'J3 is ﬁgggr (its projection is not given) .

This can be indicated by ',' following J3 ,

Examples : (S5,L)J, ; (1/2,1/2)X,-K

5.1.8 yg , representing quantum numbers 35, L , J and their
projections or part of these quantum numbers. The possivle cases are
described in table 2 , where columns NQS , NQL and N@J {correspon-
ding to names of decoding arrays) indicate how each description is
interpreted. VWhen S , L and J are given J represents the coupling

of S &and I .
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Remarks : 1) Whem M , ™ or VM designates a ',' the correspon-
ding 5, L or J is fres.

2) 4 '.' after a variable is possible if and only if the
variable represents a2 free momentum which is not coupled inside XQ
(So in 'S s L, J.V 8 is coupled but not J ).

3).As a guide for writing NQ it is advised to use as much as

25+1_ . 28+1 L N s .
bJ. and I, notations for represenving numerical

possible the
variables, the other casés being reserved fto other descripiioms. For

example $=1 , =1, J=0C , MJ=O can be written 3P0,0 {case 7), whereasg
the notations 1,1,0,0 (case 11) and 3P,0,0 {case 10) represent S=1 ,
I=1 , MS=O ) MLzb . | ) A | |

Examples : see following section.

5.1.9 gyg representing a shell + guantum numbers.
Three cases : ‘a) ni>
b) ne® : NQ
¢) nsf ;¥ ;oW

where X is a variable (faking values 1,2,...) whose meaning is explained

in section 2.1 .

When S , L are not given (case a) ; cases b) and ¢) with Ng of
cases | or 4):then p must equai 1, 42+1 or 4f+2 . In case a) when
p=1 or 44+1 the implicit 8=1/2 , L={ are free, when p=4./+2 the
implicit S=0 , L=0 are associated with projection guantum numbers and
so cannot be coupled,

Examples :. 435 for 4s 28 H
& 1

2f6 for 2p 35, MS=O s ML=O 5
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.
2P6:18 for 290 'S
3 2

3D3:2D,1/2,2 for 3d” D, MS:1/2 , M.=2 , case 10 for NQ ;
4¥5:5/2,L, for 4f5 , 8=5/2 , L, case 5 for ¥NQ ;
2P5:1/2,1, for 2p5 2? case S5 for No -whersas

2P5:1/2,1 is read as 2p° 2P1/2 ) M=t (resulting in

an error because MJ> 4 ) case 4 for NQ ;

3D4:2:3F4,~4 Tor the 2nd state 3d" 3?4 , M=, case T

case 1 for NQ
2P:2P,.,1 or 2P:t/2,t,.,1 or 2P:1/2,.,1,1 for 2p P,

M= (8§ is free), cases 10, 1{ and 12 for WQ .

5.1.10 NQW , representing quantum numbers x , k¥ , K {coupling of
% and k) s @, etc. used in operators w or a . The possible forms are
cases 8, 11, ﬁz and 13 of NQ to which is added the form J , J* ( J
and J!' wvariables of types #M ) which is interpreted as case 5 of NQ
(whereas in NQ 4it would be interpreied as case 4). Of course the
meaning of NQS (resp. NQL , NQJ ) is now x (resp. k , ¥ ).

Examples : see following section,

5.1.11 EEE representing operator wzg (nz,n’z')
It is of the form :
W seq gqn ipﬁép'ﬁﬂl
nf{ and n'f' are nﬂp of case a) (Without T
seq hés % possible forms : a) r (apostrophe)
b) M

C) Qﬁ (blank zone)
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The meaning of seq will be seen in section 5.2 .
gn has 3 possible forms
a) (W)  i. e. NQW limited by 2 parenthesis.
b) cpl
c) (K.k') where ¥ and X' are variables of type £

(equal in principle).

so W , 7% , w“g and w:ld; are remwesented by case a), w(”‘k)K
W(Kk)g by éase a, or b} and W<£.k) by case ¢).

Sxamples : W(0,2)(2P,2P) for w o(2p,2p) , the NQW '0,2' being

interpreted as case 5 of NQ ;

1'1)(2p,2p) ;

(1,2)1
w o(

W (0,k)k(3P,3P) or W'(0,K,K)(3P,3P) for w

w(1.1)(2p,2P) for w(

w(1,2)1,0(3P,39) for 39,3p)

0,8)K

(08 (55,50)

(1,2,-1,0)(38,58) or Wi(1,-1,2,0)(38,38) for w_,o(3p,3p) ,
cases 11 and 12 for NQW ;

w(1,2,1,0){3P,30) for w]é(sp,Bp) , case 11 for NQW

5.1.12 Aop remresenting the operators at 142 mﬁ (ng) , a 142 nf (re
. 5 £ s £
a1/2 1/2 4 (ne) ) a+(1/2 £)3 (ne) , ete.
q m m m.
5 £ J
4 cases :

1) A>Q,¥W) (ne)
2) ale,71,32)E(nz)
3) A(Q,71,72)K, M{ng)

4) A gs (ngm)

nf is nzp of case a) (Without D )

Q is a variable of type #M representing the quasi-spin (its value mus

te 1/2 and its projection cannot be given)., X is a variable {of type

M ). M is a veriable.

L

-
W
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In case 1 NQW is interpreted as 1/2 , 2, j , etc.

In cases 2 and 3 the variables J1 and J2 (representing 1/2 and ¢ )
are coupled in X or X , M ,

In case 4, gs can take the forms :

a) @

} to represent a

b) -
. +
) + to represent a
d) (Q) iving the quasi-spin
and nim can take the forms
a) al
b) nf , M3, ML where MS (resp ML ) is a '.' or a variable

representing the projection of 1/2 (resp £ ). Note that 1/2 and
£ are implicit,

H

Examples : A+{4F) for a’ /23 (47}

al1/2,1/2,-1/2,2,.)(3D) or .A(1/2,1/2,2,—1/2,.)(3D) or
a(1/2)(3D,-1/2,.) for a1/2_1;§ 2 (3a) |

828) or n-(2B) for &2 (2p)

b

alq,1/2,1)3/2(22)  or 4(qQ,1/2,1,3/2)(2P) for
o2 (1/2,1)3/2 s

5.1.13 Fact representing a numerical factor has the form :
By ipptioql
where option is one of the words
{@ ,Q,8,L,s2,8 ,8L, S.0., 8.5 ,C,CPF , CFP} .

These words must be written without blanks.

Effect of TFact . The value of the factor depends on the Wop placed

after it (on the 2 Wop placed afier in case 4 , or on the 4






as well as on the bra and ket in case 10) and convert it into a
. . prid g
more convenient operator {(like S, L , ete).

case 4 : The following operator gives the angular coefficisut of the Slater

1
integrals Rk(n1£1 n.2, n3£3 n¢£4) R G’{(n?ﬁg1 n3£3) (if Byd, = Daly and

n1£1 = n4£4) and Fk(n1£? n23 ) &f nt, = n3£3 and n. . =n.Z )

2 171 22 44

7{q) WO&)(n&1mT%)~MO$)(n£

2hormyt)

( (q) can be repleced vy 7(a) )

case 5 : P(s) w(1,0)1,n{n¢,n2) 2quals S; acting on a =nZ elsctron.
o . . . -
case 6 F(L) N(O,1)i,m(nz,n£) equals » acting on a nf electron.

case 71 F(sc2) w(1,2)1,m(ns,n'2') equals -YVi0o(s CZ); when acting
between nf and n'g' électrons.

ggggﬂg : F(SO) W(1.1) (nz,nz) equals s./ acting on a nf electron,
F(50) can be replaced by F(S.0.) , P(SL) or 7{(S.L.)

case 9 : F(c) w(0,k)k,n{ng,n'2') equals cz between ng and n'g'
electirons.

case 10 : (x//®(cwp) al(ng) Jfy) = (zl}y)
and  (x //F(Cc¥P) ;+(n3)//y) = (x{ly)
giving ccefficients of fractional parentage. F(CFP) can be replaced

vy F(CPF)

5.1.14 Conf . It can revresent several things ranging from a

CNQ to a matrix element. The possible forms and their interpretations

are given on table 3.

A coupling of type 3 or 3' on momenta rerresented by veriables
J1 and J2 dis made by c¢pl = '(J1,JE)J§' etc, It must be performed

on free momenta and must be unambiguocus.
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Sc, the following examples are in error

ve. S5, L, Ms, ML (5,L)] (s, L not frse)

vee S, L...S, 1P (s,12)7 (ambiguity on §)
but ... S ; L...5, L ; (s,8)s1

and 2P2 : 3P ; {1,1)2,-2 are valid.

In type 4 conf {1 must contain no projection quantum number., It
can have 4 free momenta : S, , L1 ) 82 s L2 which are then 3L coupled
|
{ M not of case 1 or 4) or it can have 2 free momenia 51 ) J2 winich

are then coupled oy NQ (of case 1 or 4,

In type 8 the 1.t must be followed by '(!, YW','s' or P,
Conf {1 and conf 2 ﬁust have the sane nuﬁber p of free momenta.
A scalar product is then made bhetween the i-th momenta of conf 1 and
conf 2 for each i=1,2...p . If conf terminates with a '.' {as for
example : conf ="W(0,1) (15,18):(0,1)1.'), conf conf' will be inter-
preted as g scalaf roduct. This can be.avoided by writing (conf)conf'
or conf ;conf' "or suppressing in conf the final point.
Examples :
1) ‘'conf 4 ; conf B ; cpd' represents a coupling (iype 3) effectuated
within conf 1 = 'conf A ; conf B' (Xronecker product). This could
also be given as : '(conf A ; conf B)eps' (coupling of type 3').
2) conf A ; conf B cpf' is interpreted as the Kornecker product of
conf A and ‘'conf B cpd'! where the coupling is effectuated within
conf B only., This could also be given as 'conf 4 ; (conf B 3 cpﬂ)'
Note that exemple 2 cannct be interpreted as example 1 because

conf 1 = 'conf A ; conf B' contzins an unpareathesized ';' and that






-2 1=

gxample 1 cannot be intermseted like sxample 2 as the Kronecker
product of conf 4 and conf 2 = 'conf B ; cpid' Dbecause conf 2
contains an unparenthesized ';'

3) 2P5:3/2;3P;(3/2,1)K;(X,1/2)5 or 285:3/2(3P)(3/2,1)%(K,1/2)J

5 2?

for 2p 3p X,J (jk—coupling) .

3/2
4) 295:1/2(3P:8,1)(1/2,1)K(K,8)T for 2p° 2P1/2 3p K,J (jk-coupling)

and where S is introduced to avoid an ambiguity ( S has to be

defined by S=1/2 in Z1 ).

3,
7/2 Py

6) (2s;29)50,10(47)(10,3)L(s0, L)R(K, 1/2)7 for (2s2p)S, L, 4% L,X,J

5) (4F13:7/2(63;6P)3P2)J for 4f13 2? 686D

in the LSo~coupling scheme .

5.1.15 Zone 22 . Three cases :
| a) conf X or /conf E)
) Econf SZconf OZconf‘Kz
é) iconf éZ/conf QZ/conf Kl
representing réspectively a ket , = ﬁatrix element and a reduced
matrix elemént.
conf B énd conf ¥ are conf that do not contain Acp , Wop , Fact
or scalar éroducts (conf of type 8).'
conf O i1is a conf that does not contain CNQ .
In cases a) and b) there must be no free momenta of value different
from zero.
In case ¢), conf B, conf O and conf X wust have the same number
p of free momenta. The matrix element 1s then reducsd with respect
tc the 1-th momenta of conf B, conf ¢ and conf X , for i=1...p

Example : Let us return to the example at the beginning of section 2,
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corresponding to the computation of a matriz element (case b) and
indicate how the decoding is performed (these details are printed by
the program if the SPRINT command (5.%.3) is used). The varicus
conf's are numbered with integers from 1 to 15 showing the order of

their decoding.

The bra = conf B gppears as conf 2 of type 3 and composed
of conf 3 = '4F2:3H4;6S:1/2' and of a cpi = '(4,1/2)J,J' which
indicates that the free momenta 4 and 1/2 of conf 3 are coupled in
J,d . Conf 3 itself represents the Xronecker product (type 2) of
conf 4 = '4F2:3H4' and conf 5 = '63:1/2' which are conf's of type

5 (i, e, CFQ ).

The decoding of the operator = conf 0 = conf 7 is a follows
conf 9 = 'F(Q)" is of type 7 (i. e. Fact )
conf 10 = 'W(0,3)(4F,63)' and conf 11 = 'W(0,3)(63,4F) ave of
type 6 (i. e. Wop )
cénf 8 % teonf § conf 10' is of type 2 (Xronecker product)
and the full operator conf 7 appears as the scalar product of

conf 8 ard conf 4% .,

The decoding of the ket = conf X = conf 12 is interpreted in

I

the following way :

The Kronecker product of conf 14 "4F2:3H4' and

conf 15 = ‘63:1/2' (Which are of type 2} is called conf 15 . The
ket 1is then obtained from conf 1% by a coupling performed according

to type 4 with NQ = 'J,J!
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Let us note that the wnits '/conf O/conf X)' and
' {conf B/conf O/conf K}t alsc appear respectively as conf § and
conf {+ (and of types 10 and 11 ; similarly a2 reduced matrixz slement

appears as a conf of type 12).

Cnce 22 bhas been decoded as above, subroutine DC3ET sets up
the sequence of elementary operations., Operations 1-18 construct the

following 'configurations'

1) w93(4f,6s) which consists in a set of 7 'levels'! representing
LN e 03 o 7/
the operators WOQ(4¢,6S) (q=0 , g==3...3)
2) W03(6S ,d.f)
03 03 . ,
3} w - (4f,65 w  {6s,4f) containing 49 'levels' obtained by the
Kronecker product of-configurations 1 and 2,
4) wo3(4f,6s) wo3(6s,4f)(of0)8 cbtained from a coupling within

configuration 3 (also containing 49 levels)

03 (00)o (33)0

5) w'/{4f,6s) w03(6s,4f) 5 0 containing 1 'level' from a

coupling within configuration 4

6) 4f2 3E which consists of 33 levels { MS=:—1’O’1’MIf=—5"'5 )

7) 4f2 3H4 (9 levels) (coupling)

8) 6s s

9) 6s 281/2

10) 4f2 3H4 65 281/2 (gx2 levels) {Kronecker product)

11) (4f2 BHd 6 281/2)J,J (1 level) (coupling) which corresponds %o
the bra

12) 4f2 3H that appears in the ket ., In fact this configuration

has already been constructed by operation 6, so operation 12 does nct

imply a new construction.
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13—?7) as configurations 7-11 to complete the construction of the ket

18) (conf B/conf O/conf X) {1 level) representing the matrix element.

The three last operations 19-21 are multiplications by factors

(one corresponds to 'F(Q)' , the other two transform coupling opera-

tions 4 and 5 to scalar products.
2
The 33 levels of configuration 6 {4f BE) and the 2 levels of confi-

. 2 L . .
guration 2 (6s “8) are constructed {as explained in section 2.1) and

. 2 - .

stored. Note that in 4f ’g =1 (I free) only 11 levels (ML==—b,...S)
3 e _‘;\2 3?!- o .

would be stored. The exampls 4f He MJ=0 would alszc imply the cons-
+ : 4 4 = o -\2 3\"- - . \ . L .
truction and storage of the 3% levels of 4f H ; it is betier to give
. ol 3 . . . . . .
it as 4f° “H MS=1 , MLxS which only implies the storage of one level.

The decomposition (3) of the operator is generated as explained in
section 2.2 ., The contribution to the matrix element from each term of
decomposition (3) is then computed by giving the projection quantum numbers
all possible values compatible with the couplings. For each new set of
these values the series of elementary operations k-21 is run (k is the

lowest configuration modified by the change of projection quantum numbers).

5.2 Sequence of operators.

To regpresent a product of operators & , a' or eq (?), like for

example
(z W§1)W§2)) 27 ¢ W(B)W<4))(Z w§5)) (14)
i + iy + 091 ?

where 1 and J are electron labels, one writes the operators in the

usual order deteruining seq in Wop (section 5.1.11) by ihe following rules
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(i) Put 2 prime on the first W operator after a I symbol (that is saq

T

has the form a}. If this ¥ 1is the first operator (reading from left %o
right) or just after an Acp the prime can be omitted (that is seq nay be

of form o).

(ii) If 2 W operator wears the same electron label as the preceding W

operator put an M after the W in Wop (i. e. seq is of form b).

The operator (14) will be revresented by
Woooo WM L. AT L W LW WL (15)

where the .., are omitted parts of the operators or couplings.
In (15) it is possible to put primes on the 1st and 3rd W coperztors,

5.3 Description of zone 21, serving to define variables and commands.

It must not contain either '$‘ or ¥

It has the form 3, ; S, 3 83 ves 400

1 2 n

| or S1
where S, (1€ign) 1is a sum, loop or command (see below).

The Si are decoded with increasing 1

In sections 5.3%3.1.and 5.3.2 V designates an unsigned variable noti

of type ¥ and not previously defined.

5.35.1 Sum , which defines V as a sum of other unsigned variables.

The possibles forms are

V = +4A or vV = A
V= TAEB or V = A%B
v = TATREIC or V = AFXBIC

where 'Z' 1s one of the characters '+' or '=' and where 4 , B






~26=

and € are uwnsizned variables previcusly defined or unsigned wvariables

of type W .

Examples : S=1 ; ML==2 ; J=S-i ( 5 being previously defined).

5.3.2 Loop , which defines V as 2 loop variable,

it e ey e

Three cases : a) &ALB;VQ
where 4 and B are variables, not of type M , of type N or
previcusly defined.
7 will take the values |a-3| , |4-B[+1 , ... <that are less than
or equal to |A+B| . Thus if [4-B| iz an integer, V rums

on the values ftriangular with A and 3

) v

(I

4,8,C

c) V = A,B

where A , B and C are variables previously defined (or of type N ).

In case b) V will vary from A to B at most, with increment C .,

Case ¢) is the same as b) the increment being 1t (or -1 , only if 4
and B are I integers and B< A ).
Examples: M=1/2,-1/2 $ 2P : 3/2,H1 «
M will take the value 1/2 and then =-1/2 .

(1,L,J) where L has been defined ; K=0,6,2 ; MNS=-8,3

5.3.3 Command. It can be one of the following words, written without

blanks
PUNCH for writing a ket on file 15 .

PRINT for printing the determinants obtained,

SPRINT which has the effect of printing a large number of initermediate

results,
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ENABLE the computation is not stopped in case of defection of an
error, i. e. the loop variables jump to their next wvalue,
C followed by anything not containing character = serves

as a title.

6. Data output.

A1l data input is printed and numbered.

Square roots of rational numbers (value of matrix glement, weight of

determinant) are given as £ a b ¢ 4 where

=
l..J
i
ot
jny

g Tlcating point

value and =2Yt/cVd is the exact value.

Orbitals in shell nf are numbered from 1 %o 2 {22+1) with m£ and

then @ increasing.

- = o~ o+ 4 o+
Example : in 2p shell, orbitals -1t 0 i =1 0O 1
are numbered 12 3 4 % © .

The command PUNCH makes the state to be written on file 15 in a
FORMAT usable as input data for program EXCGHE (see sectionms 3.1.1,

3.2.10, 3.2.11 and 3,2.% of [1]).

7. Errors detected,.

7.1 Cverflow of dimensions. For changing dimensions see section 4.

The meaning of each PARAMETER is given in table 4, except for WOP

(which must be equal to LGSUP ), ROT? (which is the nuxber of prime






numbers used in the Rotenberg description 2 ) and PRIVEP (Which is the
punber of prime numbers tabulated). ROTP and PRIMEP c¢an be modified as
long as

PRIME? > ROTP—? > .
7.2 Data errors,

When the data is not written sxactly as described in secticns 5.1
and 5,3 , the sxecution jumps to next computetion afier gzoing fthrough ths

decoding process once again in order %o print all decoding steps (this is

. . - . - - 4 . A
equivalent to having the SFRINT command (5.3.3) in case of decoding error;.

Other errors are detected : reveated shells in a bra or ket, shells
unfitted in bra, operator and ket (in particular not cérrect numbers of
electrons), wrong factor in front of Aop or Wop , wrong values of SL
in a shell, wrong projection (in J , M if J+M is not 0,1,2,...,2J) ,
wrong #k in W or A operator, coupling not triangular and errors in
arithmetical calculations like overflows of products or sums. When such
an error occurs the execution jumps to next computation, unless the option
ENABIE (5.3.3) is enforced.

Error messages are printed clearly.

Examples : 1) (18;28;38)331,0%

¥ERROR* IN CONFIGURATION DECODING : WRONG NUMBER OF MOMENTA IN ( )NQ
2) (1,1,M)$.,.* 0T (1,1,1)$...*

*ZRROR* DATA BADLY WRITTEN : ILIEGAL J IN (4,3,J)
3)  (4F6:77)//w(1. 1) (4F,4F)//4F6 TR ) *

The 1st ')‘ should be deleted., The srror occurs because the
program cannot interpret '4F6:7F)' as a conf , The error message

states that this conf is of type O .
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8, Description ¢f teszt run.

]
In the first execution (2p3p) P,0,¢ and (1szp)TP,O,1 states and

4 . .
two 3d4° 3F,1,3 states are constructed. The output file 15 is listed,

In the 2nd execution, wvarious examples of matrix elsments are given :

cards 1-2 : This is the exenmple of section 2 (see alzo 5.1.19 example).

~
=z

cards 3-17 : Mean values for state 3s3p 3P,MS=ML=$ of the part of SZ

acting on electron 3s (cards 3.5), the part of LZ (cards 6-8),

(cards 12-14) or 1o (sc )1

1 {eards 15-17)
v

an oy 2
ST {cards 11, C3
acting on electron 3p

s s R ‘ . 1 . .
cards 18-21 : Coefficients of the Slater integral R (1s 3p 3p 3d) in

. . ‘ 2
the off-diagenal metrix element between the RS terms 13 3s83p 3P and

25+ p(383p)7p)°

((1s3d) P)’P for S=0 and 1

cards 22-25 : Mean value of operator L2 for term BdD 2D .

cards 26-28 : Coefficients of fracticnal parentage

(4f6 7F{|4fs 6L) for I=1, 3 and 5 .
cards 29.%% : Matrix element of (aqsz aqsz)lgg between the RS

3 2

terms 34 D and 34 2D .
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Captions of tables.

Table 1 : Role of subroutines.

Table 2 : Possible forms for NQ .,

S , L and J represent variables of types #£M (also in descriptions

2S+1L and 2S+1LJ , intermal varisbles of type N are defined to

represent S , L and J).

¥ remresents a '.' or a variable of arbiirary tyve.

™ represents a '+' or a variable of %ype M

VM represents a '+' or a variable of tyze M or N .

=}

TS and TJ vrepresent variables respsctively of types 5 and

Table % : Possible forms for conf ,

The * indicates the place where the last ')' is opened,

conf 1 and conf 2 represent smaller conf's ,

Table 4 : Parameters,







Table 1,

DATUM BLOCK DATA

CPLSET see DCSET

DCBCL decoding of tst zone (section 5.3)

DCROK decoding of (v/0/k) or /k) (sectiom 5.1.15)

ICCFG decoding of conf (5.1.14)

DCCMD decoding of command (5.3.3) or option in Fact (5.1.13)
DCCNG decoding of CNQ (5.1.9)

neerL decoding of cpl (5.1.7)

DCIENT decoding of half integer (5.1.2)
DCENT decoding of integer {5.1.1)
DCFACT decoding of Fact (5.1.13)

DCHALF FUNCTION for writing half integers

DCINIT initialisations

CJ decoding of variable (5.1.4)

DCIS decoding of unsigned varisble (5.1.3)

DCNLP decoding of nﬂp (5.1.6)

NG decoding of NQ (5.1.8)

ICSET setting up of the series of elementary operations (section 2)

to be performed, It uses subroutines C(PLSET and TUNICN
25+1

DOSPEC  decoding of Ly (5.1.5)

DCwW decoding of operators A and W (5.1.11=12)

DCZON search of given characters in any zone

ERAV detection of overflows in dimensions

IRPOS printint of walk-back through subroutines in case of error

FRPRT printing of errcr messages






Table 1 (continued)

ERSET i#itialisations for ERAV

HAUT determining point of entry in the seriss of slementary operations
after a change of loop variables.

PRTCFG printing/writing on fils 15

PRTDC dump of decoding arrays

PRTPAR printing of the PFARAMETER's at end of run

PRTRG printing of rational numbers
EGB
} computation of 3J
RGCG
RGENT converting square root to Rotenbergz form
RGFACT computation of factors converting W operators to electrostatic
operator etc..
RGINV computation of inverses
RGED checking that there is nc overflow in product
RGPRM initialisations for HG-type subroutines

RGPROD computation of product

RGPUIS computation of b(1)x = b(o=1)...(b-%x+1)

RGEAT converting from Rotenberg to éf%/dfa form
RGRTS finding squared factors in integers
RGSD checking fthat there is no overflow in sum

RG3PLY simplification of aa'/bb!

RGSQRT computation of square roct
RGSUM computation of sum
RGSTMQ cemputation of norm

RGTRSL moving Rotenberg numbers

RGUNPW computation of (-1)7x






Table 1 {continued)

RGVAL

UNION

WKAC

WIADD

WEEBCIL

WKBOK

WECHD

WKCPL

WKEXTR

WKERON

WEMULT

WEMVAL

WENIV

WENVAV

WKQK

WKCTS

WEPTEN

WICSHFT

WKSL

WESUIT

WXTBL

WKTBOP

WEKTRSL

WKW

FUNCTION converting from Rotenberg to floating point form,
see DCIET

creation/annihilation of one electron

adding one state

setting up of loops

computation of (p/0/x). WEOTS is used

working through the series of elementary overaztions

coupling

[¢/]

ee WEPTHRN

Xroneckesr product

4

scalar multiplication of sz level

cemputation of projection numbers

computation of the address of & state

advancing %o next state

ne effzct

see WKBOK

determination of the operator represented by_a flat (2.2).
Jases WEKEXTR

applying shift operators

construction of shell (2.1)

finding the sequence of operators {2.2)

tabulation of operators S or L

tavulaticon of the one-varticle operator represented by 2 box
in a flat {2.2)

moving states

consiructing Wop






Table

commas [case description NQS NQL NQJ
0 117 T
J.
5 ZS+1L
2341
= 5 T
25+1
Ly )
25+1 ©
Ly,
1 4] J, % with J not of T
type S
51 18, L TS
s, L. .
$. , L s
S.'. k4 L_'..
6 2S-¢~1L T
s L J
2S+1L s J;
7 2S“LJ , M S L T, M
2 8ls, L,
- = S L I
S 2 L 2 J.‘_
g | *5*y a3 , S L TJ,K
0! My ww s,V | LM
3 1| s,L, ™, H ‘
with I of type L or N S, Lt
128, M™,L,H S, ™ LM
3 |8,L, T ,M -
with 1. of type L or ¥ - b I,







interpretation type description
§
error 20
- 21
22
coupling 3 conf 1 ; cpl
* r + i
effectuated within 3 conf 1 cpl ( where con_+1 cgnta%n?
1 no unparenthesised ';
conf 1 4 (cont 1lNQ
Kronecker 2 conf 1 ; conf 2} where conf 2
“* r contains no
product contf 1 conf 2 Junparenthesised';‘
conf 1 Fact
conf 1 Top : in operetor
conf 2 Aop
cNQ 5 CNQ in bra or ket
Wop or Aoy Sy Wop or Acp in oyperator
Fact 7 Fact in operater
scalar product 8 conf 1| « conf 2 in operator
transfer 9 zconf 1) conf 1 included in bra

operator or ket,







Tabla

PARAMETER not to be exceeded by the number of :
BCDCP loop + sum variables

CCHP shells

CGP elements in operator table

CHOP operating shells

DECF conf {in decoding)

DESCRP orbitals inscribed in all determinants
JICP ~variables + implicit variables

LGSUP Wovr and 4top in an operator

MARGEP products in a 3j coefficient

NCONFP configurations (in computing)

NDETP deterninanis in all states

NFAP factors + internal factors

NIMP mementa in all coenfigurations

NNIVE intermediate states

NOPERP elementéry cperations

NQP NG + NQW

NSUIP flats

TRV? characters read, blanks included, for each

computation,
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Generator of atomic excited terms from angular considerations.

J. J. LABARTHE

Iaboratoire Aimé Cotton, C.N.R.S. II, B&%t. 509 , 91405-0CRSAY, FRANCE,

Clazsification : Atomic Physics. Structure.
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Program Summary.

Title of program : EXICGH .

Computer : UNIVAC 1110 ; 1Installation : Université d'Orsay, France.

Operating system :; UNIVAC 1110 BXEC 8 .

Program language used : FORTRAN V .

High speed storage required : 46 000 words.

No. of bits in a word : 3§

Overlay structure : none .

No, of magnetic tapes required : 2 (for output).

Other peripherals used : Card reader, line printer.

o, of cards in combined program and test deck : 3221

Card punching code : IBM 026 .

Keywords : Atomic structure, excitations, angular, Configuration Interaction,
Multiconfigurational Hartree-Fock, MCHF, Energy matrix, Slater integrals,
specific isotope shift, hyperfine structure, spin-orbit, dipcle, second

crder, Siater determinanis, Russell-Szunders.






Nature of the physical problem.

The program generates the excited terns adapted to the computation
of 2nd order values of the operators H {energy), £ (specific isotorpe

shift), nyperfine structure ( sC° , o , £, s ), spin-orbit and dipole

C1 . It computes the angular part of the energy matrix and various

operators and edits the results in a form suitable for Froese's multi-

configurational Hartree-Fock program [ 1].

Method of solution.

Determinantal states of given MS and ML values ars used., Angular
matrix element are computed from the ck(ﬁm,z‘m‘) coefficients [23. Ic

gach excited configuration the basis formed of Slater determinants is

reduced to a minimum number of states contributing to the 2nd order,

Restrictions on the complexity of the problem.

ng shell with £ K5

Typical running time,

For case 1 of test run 0.9 s , including the computation of the ck

coefficients, Tor case 2 of test run 0.1 s .,

Unusual features of the program : FORTRAN V instructions INCLUDE and

PARAMETER , intrinsic functions FLD and DECOIE .

References,

[1] C. Froese-Fischer, C. P. C. 1 (1963) 151, 14, 145 {1978).
[2] 2. U. condon and G. H. Shortley, The Theory of Atomic Spectra

(Cembridge University Press 1963) o. 175.






o

1. Introduction and theory.

In a multiconfigurational Hartres-Fock (MCEF) calculation, cne aims

to determine a wavefunction of the form

= alf> + 51|e1> + ﬁ2le2> e ' (1)

We consider the atomic non-relativistic case whers |f> R |e1> '

e2> ... are Russell-Saunders (RS) terms of the same IS values, and

where the hamiltonian is

) (2)

LN—

5

: 2
E=H. +@ with H, = I (piﬂzma-V.(r
i
V(r) central field potential, Q electrostatic interaction of the ziectrons.

Usually one chooses wavefuncticn (1) according to the vhysical problem
studied. Suppese we are interested in computing the mean value of operator
L, The first order parts |ej> (j=1,2...) of eq. (1) contributing to

the 2nd order value of A are those for which :
(f/H/ej)(ej/A/f) L0 . (3)

In paper [ 1] we deseribed a method for choosing the terms in eq. (1),
only by angular considerations, in order that iﬁ each excited configuraticn

the minimum numbér of R3 terms satisfying eq. (3) is retained.

The program ZXCGHE following %this method constructis the ei> states
and computes the =ngular part of the energy matrix and various operators

for the multiconfigurational wavefunciion (1).

As input we give p states |fi> (1¢igp) , that we call initial

states, which are described as sums of Slzter determinants wiih the sanme






ML s MS values (the same for all initial states) ;

£>=w, {ng mzms,...} + W R (4)

Ag input we alsc give the excited configurations : sach one is obiainad
by a biexcitation ab — ¢d or moncexcitation a - b (a =z nf , etc are

names of shells) from one of the initial states |fi> .

Within each excited configuration the program constructs a basis as

small as possible of excited states |ej> such that

£ ; for at least one 1 {1gigp)
l } (5)

and for each .

—~
by
o
\
Ly
~—
.
<
)

Condition (5) is more general than condition (3), several initial
states béing all&&ed instead of jﬁst one, This is useful (i) when in
wavefunction (1) several terms have large weights so that it might be
necessary to perturb them at the same time and (ii) when one wants to
calculate 2nd order wvalues of non diagonal matrix elements like (f1/C1/f2)

for oscillator strengths.

The operator A can be ¥ itself, ¥ {(the spescific isotope shift
operator), any of the hyperfine siructure (hfs) operators of types SCQ',
2 -

", £, s or the set of them all, the spin-orbit cperator I 5;.3. or
i

the dipole cperator C1 .

As opticns, for monoexcitations of the type vf -+ n'f it is possible
to suporess Brillouin's term [2] and for biexcitations of the itype
ab —» nf,n'f it is possidle to keep only «forbidden» terms ([3], see

2lso appendixz A in [1]).






2. Descrivtion of the program.

The role of subroutines is described in table 1

The following steps are gone through :

Cemputaticn of the ck(ﬁm,z‘m‘) coefficients in floating point

form o = aYo/(d from the integers & b ¢ d which are given

in the BLOCK DATA DATUM ., For £,¢' lesser or equal to 35

there are 4795 non zero coefficisnts.

Heading and checking of data

Computation of (fi/H/fjj (1¢igi<o)

Loops on exciftations : determination of the excited determinants
using subroutine BXC , reduction of the states {steps 1 and 2 of [1]) by
calling subroutine CORE .

Computation of (ei/H/ej) (ig3)

Printing and writing on file § using subroutines SORTIE and PRT .,

Unusuel features of the program.

This program like the program TERM [4] makes use of the FCRTRAN V
instructions INCLUDE and PARAMETER which permit to meodify the dimensions
in an easy way, and of the iantrinsic functions FID and TECODE . All

section 4, of [4] remains valid for this program,






3. Data input.

The input consists of cards read. The role of each card, which is
described in detail in section 3.2, is determined by the character in
colunn 1 . ¥For ilnstance s card beginning with W (such a card will be

called 2 ¥ card or of type W ) serves to define a weight.

3.1 Order of cards,

3.1.1 Description of an initial state.
m — 1 1 {1 Lt "
The state f, =w {x E, Jk oo e w {&1,1{E ,Ké:..} Eoa
a b S—J
a

is defined with the following cards (we just indicate the type of the cards
and what their role is)
T card indicating the beginning of the description of an

initial state

W weight of the 1st determinant

D orbitals of shell a k1 s k2
D orbitals of shell b k3 -

W weight of the 2nd deferminant

D crbitals of shell a ka s ké

L

The output file 15 of program TERM [4] which contains exactly the

above sequence of cards 1s directly ussble as input for the program EXCGE .,






%.1.2 Description of a case.

The structure giving the initial states fi (1$i<p) is

=1
[
L2}

m
h } f2 gach fi is as in preceding section
T
}f
P
* indicates the and of the casze,

Shells f£illed in =211 initial states |f€> (1$iép) can be given by

N or ¢ cards. These cards, as well as cards of types X s 2,9, X,

I or Z , can be placed anywhere befors the x card,

Ixcitations made from initial state fi are given by £ cards placed
anywhere within the description of state ]fi> , 1. e. after the initial
T card of the state and before the T card of the follewing state (or

before the =+ card for state ]fD> ).

Z,1.% Repetition structure.

Several cases can be treated in the same run :

} case |
%
} case 2 each case as in the preceding section.
*
*

g

indicates the end of the run.






If in cases k¥ and X+1 the initial states are respectively lfi>

£:> (1gigp) where each |f1> can be obtained from |f£.>

-+

by changing the weights, it is then possible to use the repetition structure,

i, e, omit all € , ¥ and D cards in case k+1 . In order to make use of

Ny

this siructure, it is allowed to enter determinants with null weights ( g

card, blank but for the W ). Moreover if all welghts are unchanged for

[fi> it is then possibvle to omit 21l W cards

)
v
i

state i, i. e. if ];i

L.

in the description of If:

Z.1.4 Simplifications of data within a case.

a) The 1st T card can be suprressed if there is a card of tyre D,

W or ® in state f1> .

b) The W card can be suppressed in state fi> if there is only

one weight (=1) .

c) If there are only filled shells {and s¢ only ocne initiel state)

there is no need for W and D cards,

3.2 nole of cards.

The type of a card is its first character.

The name of a shell is always given in A% FORMAT . The £ value
of the shell is determined by the 1st 5, P, D , ¥ , G or E appesring

in the name from left %o right, The n value plays no role in the prosram.

Examples : 65 (n=6, 4=0) 5P (n=0, £=0) .






~ 10

For cards of types R , 5, X , 2 and tiile cards (see section

3.2.15.2) only the last card of a given ivve is significant,

For cards of types C , D, ¥ and Y , all cards are significans.
S0
Dana2patl
Daan2pa2
Naaals
Nana2s
Tanal
Tana
is equivalent to
Dann2pa1.2
Naaals.2s

3.1, Type % ., End of case,

it i3 i, .

..a FORMAT(3X, 2443 )

Each mon blank  a, (1€ig24) 1is a spsctator filled shell, i. e. it

Fag

is not inscribed in the determinants., If ai occurs in an excitation it

is transformed in an inscribed filled shell (cf. type N ).

ke Ry, FORMAT(2X, 41,43, 1412)

It gives a part of a determinant containing orbifzls from shell a .,

Within a nf shell the orbitals are numbered by k from 1 1o 2(2£+1)
- - - +
with m£ and then ms increasing., Example : for =1 : -1, 0, 1, =1

+ o+
O, 1 correspond respectively to k=1,2,3%,4,5, 6

’






a) if opt # '=' , the part of the determinant is {ka’kﬁ"°} where
k_ (kﬁ"’) is the first (2nd...) non zero Lk, (1gig14)
b) if opt = '=' the part of the determinant is {?,2...ku...kv...,2(2£+1)}
where X means that k is omitted, and whers k | kv ... are the ki
1
(1éi$14) different from zero.
Note that in case b) the order of the X%, has no meaning.
e

3.2.4 T7ype T . a,b,c,d, opt FORMAT(3X,443,13) .

Describes the sxcitation 2b - cd .,

For the monoexgitation a = § put

a=qg and b = !, . (blank zone), or 2 ="'...' and b =g

as well as ¢ ="'aaa! and d=B , or ¢ =8 and d = '...0

The excitation ax — B8x is treated like the monoexcitation a = 8 .

opt determines the operator A in (f/A/ei) £ 0, according to

table 2, If opt £ ¢ Brillouin's term is suppressed.

%2.2.,5 Type T . End of run. Provokes the impression of the

PARAMETER's (see section 5.1) and their effectively utilised value.

3.2.6 Type M ., Message : columns 2-80 are written on columns

1=7% on file 9 ,

3.2.7 Iype_ N . a,a,...2 FORMAT(3X,2443)

-------- 1 24

Sach non blank a, (1€1ig24) is a filled shell which is inscribed

in every determinant of every initial state.

%.2.8 Type R . The description of all states is printed.






3.2.9 Tvre 3 ., The computation of all matrix elements not contai-

ning at lsast an initial state is suppressed. For example, If there 1is

iv,<t)ali> (i=1,2...)

ng
0

one 1initial state, only matrix elaments <4

are computed,

2.2.10 Type T . Marks the beginning of an initial stats.

e et e i ek bt

3.2.11 Tyoe W . Describes weight w .

W
S
r
ro

is punched in 2nd column

w FORMAT(3X,Pt2.8)

then the weight is =) if b or ¢ or d=20

=aVb/c¥d if bed £ O

3.2.12 Type X . REO,H,N0 FERMAT(3Y,2F6.0,I6)

A e e . i e

If this card does not appear REO =-% , H = 1/16 , NO = 160 .,

Used only for writing tst Froese HF card on file 9 .

3.2.13 Type_ Y . S,:9,,...8, FORMAT(3X, 1512) .

The excited states oh £ 0 (1€i¢15) that would appear in a rTun

without Y cards are deleted.

%.2.14 Type 2 . 12 TFORMAT(3X) .

Defines the value of the nuclear chargs. If there is no 7 cards
17 = number of orbitals (spectator shells included), correspending to &

neutral atom. Serves only for writing ist Froese HF card on file 9 .






3,2.15  Other types

a) If columns 1=% are left blank
TATCM,ITERM FORMAT(3X,246)

which serves as a title, and for writing ist Froese HF card on file 9 .

b) Otherwise the card is ignored.

The output in files 9 gand 10 is in the form of card images.

4.1 Results printed,

a) All input cards {they are numbered).

b) Description of initisl and excited states as sums of determinants (if

there is & R card in the case).

¢) Matrix elements between all pairs of states i¢j {or only states
with 1¢i¢p = number of initial states if a § card (3.2.9) is read)

for the following operators (the exanple iz for the state BSBP’MS:MIF1)

V+Q : Given in terms of Slater F , G, R and central-field I
integrals,
Por diagonal elements, the average energy Eav of the configu-

ration is subtracted,

Exemple : -~ ,16666666 G 1(38 BP) corresponding to ~é’G1(33,39)
N e
SZ : (contact term of hfs ). The matrix element of z Swz 6(rl)

( N = number of elsctrons) is printed,






-1l

Example : 50000000 PSI{35)*PSI(33) corresponding to é¢@58(0)§2
Lo o (orbital term of nfs).

—V?B(Scz)é {spin dipole term of hfs).

Cé (quadrupole term of hfs).
! -5 201 -3
The matrix elements of I £, T i , © -Yio(scC )O 3T ] and
v 5 -3 i=1 - i=1 -
L C..,r 7 are printed.
. 01" 1
L=
Examole : 1.00000000 HFS/L {37 37)
~.200000C0 Ers/sc2  A(3? 37)
-, 20000000 E¥S/c2  3(3P 37)
corresponding to a7y (£ part) , IRRPIEN (302 vart) and
) 37 5 3p -
1T, =3 2
- 7> ¢~ part).
5 3p C: )
N -
spin-orbhit b g(ri)sicﬁi (+he radial part g(ri) is of no
i=1
importance here).
Example : ,50000000 ZETA (3P %P) corresponding %o %'CSD
1 1
— = —— R .
5 Cap =3 By lEIR, )
1 N N 1
¢. (dipole) T r. = L r, C..
] . iz . i 04
da= i=1

Example : Ybetween the states 2p3p 1P MLz1 and 1{s2p 1P MLc1
40824829 DIPOLE (1S/R/3P)

1
r 1dd
corresponding to Tz <r>1S—5P

Remark : The printing order of the shells is : shells read on C cards,

then on N cards, D cards and firelly on E cards .






4,2 Tile 9 .

This file contains images of cards directly usable as input by
Froese's MCEF program (5] and by the program EDD [6]. Namely :
a) 1st Froese HF card ;

v) orbitals and occupation numbers ;

c) expression of energy : this is the set of matrix elements of V+Q ,
The non diagonzl selements being doublsed and 3 being subtracted.

For a description of the FORMAT see section 3.2 of [5].

initial and excited states as sums

1y

It contains the description o

of determinants,

5. Errors detected.

5,1 Overflow of dimension.

It gives a diagnostic stating that PARAMETERE so and so is too
small, The wmeaning of each PARAMETER is given in table 3. For correc-
tion see section 4.1 of {4]. 1In table 4 we give the PARAMETER's , which

are of structural nature and must not be modifisd.

5.2 Data errors.

Input data is thoroughly checked and detection of an error usually

cancels the case.






5.2.1 Shells, A name for a shell is bad if it does not contain
$,?2,0D0,F, G or E ., A shell must not zppear ftwice on C and N

cards. It must not appear at the same ftime on ¢ (or N ) cards and

D cards,

5.2.2 Determinants,. on D cards (cf. section 3.2.3) one must

have 0g&k, g 2(22+1) {1€ig14) . The orbitals of a determinant must be

diffsrent,.

mest have IW + +.. =1 . Bach determinant must have the
same shell structure (same number of orbitals, same shells, same occupation
numbers) and the same MS and MT values, All determinants must be

i

different,

The varicus initial states must have the same number of orbiials and

the same MS and ML values,

5.2.4 Excitations, E cards must have exactly the structure described

ke i e . e e e s i

in section 3,2.4 (the value of opt is checked),

In excitations ab-cd and - a , b and « mnust appear on
C, N or D cards. An error on an E card cancels the excitation,

but net the case,

5.3 Execution errors ,

The following errors, in a given exciftation produce & disgnostic, bui

do not cancel the execution : no excited determinant ; no matrix slement

}.—J
[
<
o
f._l
3
in

between initial states and excited deierminants ; suppression of Bri






T

term asked for when 1t doces not exist ; the reduction of the excifation

. - ) . k!
cannot be done (system of rank zero) : combinations R ER

that cannot
ve formed when opty 51 ( opt read on E card) ; all states in the

excitation have been deleted (for example by Y cards).

&. Description of test run.

£.1 1st case,

There is one initial state : |{(3s3p) 3P,1,1> of Mg on which we
gffact the excitation 1s - 3d having in view the computation of the
’ (= -

specific isotope shift.

We also list the content of file 9 .
6.2 2nd case,

There are 2 initial states of He : |{(1s2p) ?P,O,1> and
|(2p3p) 1P,O,1> of opposite parities. We perform the excitation

182p — %pd which gives a contribution to the dipole moment,

This case could be treated using the cutput file 15 of the rogram
TERM [4] as input in a calculation consisting of the following two

steps,

1. Execute program TERM with input
PUNCH$ (2P ; 3P)1P,0, 1%
PuNCHS (1S 2P)1P,0,1%

LD






2. Execute program EICGH with ilanput from file 15 followed by :

EXC.15.2P.3P.DannB

*

¥
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Captions of tables,

Table 1

Table 2

Table 3

Table 4

.

.

Role of subroutines.

Operator for which the reduction is made.

List of

PARMMETER 's

PARAMETER's

which may be modified.

not to be modifisd,






Table 1

Name Hole
ADD computes matriz element between iwo states,
CAILCUL computes matriz element between two detsrminants,
CONTR elininates angular coefficients equal to zaro.
CORE reduces the set of states (steps 1 and 2 of [1]).
DATTUM BIOCK DATA.
BAV computes the mean value of the epergy in a
configuration.
ERSET 1
ERSET 2 check dimensions.
ERSET 3
EXC generates excited determinants,
EXCIT main program,
INSRK inscribes angular coefficient of integral.
PRT
print and write on file g.
SORTIZ
VERIF checks dimensions,

W

decodes name of shell.






|op‘tf 4
0 or ¢ Q+V
2 L+ V¥
3 ats (2, (sc®)], ¢ ema s )
4 2
5 (scz)é
5 ¢
7 s, [ 12/%]
8 Cé [ dipole |
o1 Q+ V7 only the "forvidden" states
52 pX are kept







Table 3.

PARAMETER not to be exceeded by the number of

IDFOP inscribed orbitals in all initizl states (= number
of inscribed elecirons * number of initial
determinants).

IRKP integrals between initial states and a given excited
conf iguration.

ITE? initial states,

IBDEX? excitaed determinants,

NBDFPOP determinants in initial states.

NBELP inscribed electrons:

NBETAP states,

NBEXCE excitations.

NBRK® infegrals.

NBWEP shells,

NCPLEP pairs of states between which matrix elements are
computed,

NELPOP z 2(2£+1) » where the sum is over the shells,
nt
spectator shells excluded,

NFINP matrix eiements to be printed,

REICP I cards,

RES shells read on C or N cards.






Table 4,

PARAMETER value signification

CKP 4795 number of ¢ (4m¢'a') coefficients.

INTESUP 6 number of monocelectronic cperators
(v excepted).

LLIP 6 maximum  £+1

LLIP1 5 LLIP~- 1

LLIP2 21 iz (Lirmes+t) / 2 .

LILP3 441 (Lizp2)?

INLP 36 (rL11p)°

MOT1?P 21
dimension of data for computing Ea

MOoT2P 56

NPP 21 number of printed PARAMETER's ,

v *
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inalvtic approximations of radial orbitals
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for multiconfigurational Hartree - Fock computations,
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Program Summary.

Title of program : EDD .
Computer ; UNIVAC 1110 ; Instaliation : Université d4d'Orsay, France,

Operating system : UNIVAC 1110 EXEC 8 ,

Program language used ; FORTRAN V .

High @psed storzge required : 52 000 words.

Mo of bits in a word : 36

Overlay structure : none,

No of magnetic tapes required : 3 (for outpuﬁ).

Qther perivherals used : Card reader, line printer, card puncher {option).

No of cards in combined program and test deck : 5209 ,

Card punching code : IBM 026

Keywords : Atomic structure, ncn relativistic, excitations, virtual orbital,
analytic, configuration interaction, multiconfigurational Hartree-Fock,
MCHF, Slater functions, non-orthogonality, central field integral, energy,

specific isotope shift, second order, crossed second order, simplex method.






Nature of the physical problem.

An analytic nen-relativistic atomic multiconfigurational varistional
rogram.

Central field integrals and non orthogonality between orbitals are
accepied, -%hé program makes itrpossible easily o determine approximate
excited orbitals ir order to have initizl values for the numerical

multiconfigurational (MCHF) program [1]. All necessary input for [T]

ig written in file 9.

Method of solution,

The varicus orbitals can te described numerically, analytically cor
developed on basis orbitals (pumerical orbitals or Slafer functions).
The various paramsters are determined fto minimize the energy or the 2nd
order energy by a 2-loop simplex method {inner loop for development

coefficients, outer loop for exponents).

Restrictions ¢n the complexity of the problem,

nf shells with £ £ 5 ; excited configurations must be obtained
from configuration 1 by bi- or monoexcitations ; non-crthegonality between
orbitals must be such that in the expression of energy the mest complicated

overlaps are of the type (nﬂ/n'ﬁ)(n1£‘/n2£‘) with £ # 2' .

Typical running time. For determining one orbital %o a goed precision,

the necessary time is 1 -2 wminutes.

g

Tnusuzl features of the program : FORTRAN V ipstructions INCLUDE ,

PARAMETER , intrinsic funetions PLD and IECOLE . A recuired dia-

gonazlisation subroutine is not included in the deck,

Refersnce : [1] C. Froese-Fischer, C, P, ¢. 1 (1969) 151, 14, 145 (i978}.






1. Introduction and theory.

EDD is an atomic non~relativistic multiconfigurational variational
program, The radial orbitals can be of 3 types : (i) pumerical, (ii)
analytical or (iii) developed on basis orbitals which can themselves be
of types (i) end (ii). The energy calculated by diagonalisation or in
the 2nd order approximatioa is minimised by the simplex method [ 1) (see
also [2]). In fact there are two nested simplex loops : the inner one
for the development coefficients and the outar one for the varameters

describing the analyiic orbitals.

The program was origirally developad to generate initial approxima-—
tions to orbitals for use in Ffoese's muiticonfigurational Hartree-Fock
(McH?) program [3]. Indeed when the orbitals have small cccupation numbers
there are convergence difficulties, The program EDRD is exiremely easy
%o use for that purpose since it utilises part of Froese's data input,

and punches the remaining necessary input,

Other possible uses of the program EDD are :

(i) configurations may differ by a nf-ng' excitation, resulting in the

introduction of off-diagonal central-field integrals

o 2
3 22 A£if+1 :
Inz n'g —;[ an(r) —To- Tt 5 Rn,z(r) , wWhere the radial
0 dr T
2

orbital Rnﬂ(r) is normalized by JQ [an(r)] dr = 1

(ii) non orthogonality between orbitals is allowed as long as in the
expression of the energy the most complicated overlaps are of the type

(nz/n'ﬂ)(n1z'/n2£’) with £ # 2' .

(iii) determinetion of wvirtual orvitals, as defined by Sternheimer [4}.






This determination is done by replacing off-diagonal energy integrals

by integrals (a|r|b) for dipole, (alr—3 ) and v (o) Wb(O) for

“a
nfs or Jla,e) J(v,d) [7] for specific isotope shift,

The program alsc computes the specific isotcpe shift by the formulae

of Stone [5] and of Vinti [6]. For more details see also [7].

Before computing the energy each orbital is represented numerically,
What is computsd is in fact R 3(r) YT which differs also from the
renresentation used in Froese's program ( R (r)/YT ). The orbitals are
seoputed 2t points
rizfzj"ex:p(-REO+H*(i-1)> (1)

i=1, 2, ... exactly as in Froese's progranm.

2. Description of the program.

The role of subroutines is given in iable 1.

2.1 Arrangement of memcry.

Some arrays (for example AM ) have dimensions that can be meodified
during the exscution of the-program (sée section 3.1). All these arrayé
are disposed on a large erray T ; for example T(UAM) is the first
word of array AM where UMM 1s an address computed in the main progran
EDDA . To make the program easier to read, arrsy AM is used with its
own neme by defining

BQUIVALENCE (T,aM) .

The first word of arrey AM is ithus referenced zs M(UAM)  end not as

sy .






2.2 Diagonalisstion program,

The program uses subroutine MIEIG for the diagonalissiion of symmeiric

real matrices, which being from the mathematical library of the computing
center at Orsay is not included in the deck. This subroutine is called
only once in subroutine OPTIM where iis input/output iz thoroughly

described on comment cards,

2.3 Unusual Teatures of the progran,

The description of the FCRTRAN V instructions INCLUDE , PARAMETER

and of the intrinsic functions FLD and DECODE for bit manipulations

can be found in section 4 of [8].

3. Data input.

It consists of cards, (i) for modifying the rogram parameters
{section 2.1, (ii) for giving the angular data (section 3.2) and (iii)
for giving the radizl data (section 3,%). These cards are read respecti-

vely in (i) EDDA (dii) E=DD1 and (iii) ANALYT .

The program can be used without knowing the possibilities described

in sections 3.1 and 3.2.6 .

3.1 Modification of the program parameters,

There are iwo types of program parameters i

a) zodifisble parameters that can be modified during execution., They are

described on table 2.






t) internal parameters, described on table 3, which can be modified only

by modifying the program &3 explained in section 4.1 of [8].

The modifiable parameters can be redefined by reading TARAMETER
cards bearing the names of the modifiable parametfers, that have the same
structure as the FORTRAN V PARSMETER instruction with the following

differernces

a) columms {-80 are used ;

b) the word PARAMETER must be written without blanks and on one card ;
arithmetics are not allowed ;

¢) the continuation cards must be indicated with & + character in

column 6, columns 1-5 are then ignored,

Example : PARAMETER BLCP=2 , LOCP =

PARAMETER NCREP=8

As a2 guide for modifying parameters, thelr values and the values
that would have been sufficient for the run (utilised value) are printed

at the end of the run.

' %,2 Reading the angular data,

The formats of Froese's progran [3] are used. These cards are slsc

the output (file 9) of the program EXCGE [9].

%,2.1 Read the following card (1st Froese MNCHF card)

FORMAT( 245 ,51%,3F6. 0,16, 12X, I3)

TATCOM, ITERY, namnes






NB, number of orbitals

LETA, number of coﬁfigﬁrations

NBF,NFG,NER number of ‘Slater integrals ¥ , G and R

Z, charge of nuclsus

RHO,H, initial point and step size (see eq. (1))

NO, ignored

ITE number of initial configurations (taken to be 1

it ITE=0 ).

3.2.2 For each I=1,NB read the card(s) ( MCEF orbital card)
FORMAT(A3,213,30X, 1373.0)
wwE (1), name of the orbitsl, from which the program
extracts the nf{ values
NN(I),LLL(I), nf values which are not used in the program
(but compared with those faken from WWF(I) )
(aPR(I,K),K=1,LETA) occupation numbers of the orbital in configu-

rations 1 to IETA .

If IETA> 1% read the remaining occupation numbers in the FORMAT(26F3'O) .

3.2,% The role of the cards in the remaining angular and radial data

is determined by the structure (usually the character in column 1) of the

cards, not by their order.

%,2.4 Orthogonality/Non-orthogonality cards (O0/N cards) .

A card with respectively an O or N in ist column

FPRMAT(3X,2443) a,,a

1 el

2 24

effect : the orbitals a1,a2...a24 are palrwise dldentical or (non-)

orthogonai,






Remarks 1) The orbitals read in 3.2.2 are supposed orthogonal. If they
are not use N cards vefore giving the integrals (section 3.2.5).

2) The E cards imply orthogonalities {3.2.5).

Example :
Hana153.25.35.458
OnanlS gs
means that ns [ a's if n<' and (n,n!)#(1,2)

and s | 2s

3.2.5 Ynergy matrizx.

The sxprsssicn of the energy is of the form

[AV]
e

E=E + L w, w_¢ jk(abcd){)v . (
av ... 1 k
SR gy
k
The sum is on the pairs of configuraticns igj and on radial integrals
k
J depending on orbitals =a,b,c,d ( a is the number, not the name of the
orbital). ¢, 1is a numerical coefficient
w, is the weight of configuration i
Ov is an overlap (or 1)
2

E =Z w, E . where E . is the average enevgy of the configuration
av. 5 1 av,i av,1i

of configuration 31 .

For each term W, W oC Jk {abed) Ov in eq. (2) a card is needed
with a character '{! or '['(punching code : 5-8-12) in column 15 and the

type of the integral {F, G, R, T, I} din column 13 .,
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Thers are two formats

Tor type R if :jk (abcd) is the Slater integral R (a,n,c,d)
FORMAT(F12.8,1%,11,2(1X,312)) e, »E,a,b,i,¢c,4d,]
a

i and J can be permuwted. The integral R is interpreted as

Rg(a,b,c,d) = J(a,c) J(v,d4) (isotope shift integrals).

For types ¥ , G, I or 17

1
. £ , A, . . A fan ,
when o is the Slater intsegral 7 (a,b) or G \a,b) \if tyoe is

'R oor 1G'), the ceatral-field integral I(a,b) (if type is 'I') or

the integral TK(a,b) (if type if 17').

The T integrals are

TE(ab) = 7 (ab) = 7.(ab) = (a]z™?|b)

Te(ab) = wa(o? wb(o)
Tg(ab) = (afrib)
F9 and G9 are interpreted as isctope shift integrals like R9 .

The overlap which must be of the form 1, (a’/b’) or (a‘/b')(a"/b")

is automatically constructed, and need net be included in the input.

%,2.56 Construction of excitations.

The program can be ussd without knowing what is described in this

secticn,
The orbitals appearing in configurations 1~ ITE are named core
orbitals, the other virtual orbitals. Each configuration i»2 is obtai-

navle from configuration 1 by a mono- or biexcitation. Two excitations






are said to be of the same type if they involve the same cors orbitals and
if the virtual orbitals have the same orbital momenta £ (but they may
have different names}. If there are n excitations of a same type, these
sxceltations are labeled from t to a., So esach excitation is characterized
by & type/lavel., The program lists these LETA-1 type/label.
Example 25 , 2p and 3%s are the cors orbitals

EXCITATION 23 2P 33 P1 1

EXCITATION 28 2P S P11

ZRCITATION 28 2P P2 34

o

EXCITATION 25 2P 33 P1 2

excitations 1 and & (or 2 and 3) sre of the same type.

The program permits the consitruction of a multiconfiguraticnsl wave
function (angular part) containing configuration 1 and configurations obtai-
ned by excitations of the listed types. The virtual orbitals are initially
supposed non orthogonal and can have new names, A given type/label exci- |
tation can be repeated several times. Orbitals initially non orthogonal

may be made orthogonal,

The cards to be read are

(i) E cards indicating the excitations to be construcied, These cards

are recognized by an E in 1st coluan.

FPRMAT(2X,243,7(243,13)) a, b, 01,d1,a1,c2,a2,a2 c,?,d,? @

which preoduces the excitations ab — c,d1
|

abh - c2d2

..

ab - 07d7 suck thet ¢ &, #blanks






if ai>O only the excitation of label a; of tyope ab—*cidi iz constructed

if ai:O all excitations of Type ab - cidi are consiructed,

The orbitals c1d1 c.d. ... ¢ d. are pairwise identical or orihogonal,

22 9

Remarks 1) if there are no E cards the constructed wave funciion is

identical to the one read on cards %.2,1, 3.2.2 and 3.2.5 ;

b

2) to keep only configuration 1 use a 2 card (i, e, with

1st column).

{3.2.4) modifying orihogonalities.

—
I i
}
——
i '}
i
i3
w
i
0
&
[N
[
.
rs
(¢}
¥
£3
[0}

(iii) command cards., The varicus command cards ars described in table 4.

The last command must ve a X , H or = card.

Example : To treat the multiconfiguraticnal wave function

w187 25%) 4w [(s1)7 25%) + w167 (02)%) + w157 (£3)%)

3 4

where p1.£ P2 , p1_i 3 and p2 l_pB , enter the angular data corresponding

to w l?s 28 + W2]p2 282) + w3|1s2 pz)

with only one ©p orbital. The necessary E c¢ards are :

EJ\AA1SA1SAP1AP1AJ\1

B an28.28. P2 P2, 1.3, 73,41 .

There 18 no need of N or ¢ cards,.

To generalise the example, the input angular data will be & multi-
configurational wave function with only cne wvirtual orbital of each £ .
There is an exception for excitations like 2p3p -~ dd' where a2 second
virtual orbital 1s used. In this case the exyression of the snergy

{ ¥RR in Z.2.1, R-integrsl cards in 3.2.2) has generally to be augmented
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by antisymmetrization. This happens, beiween the excited configurations
2p3p—~dd' containing both d and d' and 2p3p—ad not containing 4!
( a is different from orbital d' ). Corresponding tc *he integral

o

c R (bvd',pa) (b#d is a core orbital} it is necessary %o add the anti-

symretrised integral : -c Rk(bd,ba) .

Indeed, the initial wave funciion is computed by supposing d_L at ,
in configuration 2p3p—ad d Gbtecomes 4t , in configuration 2plp—4ad' ,
44" vecomes 42 d2' and 41 f d2' . The off-diagonal snergy ma
slement contains cR?(b d2t b a)(d1/d2) and -¢c R
which is generaied from the antisymmetrised integral that does noi appear

in the initial computation with 4 l_d' .

§;§;Z This section is for those skipping section 3,2.6 . Read an H

card (with H in 1st column). The reading of input continues in ANALYT

(section 3.3) .

3.3 Reading the radisl date.

The ainm is

(1) to give the radial orbitals, which can be of 3 types : nunerical,
analytic, developed, The numerical orbitals can also be unchanged {that

is kept as they were in the previous case) or 8.0, (see last remark of
%.%3,1). The parametrised orbitals are recomputed every time their parameters
are changed in the simplex method by the Schmidt orthogonalisation process,
The order of orthogonalisation is the order of appearance of the orbitals

in this section.;

(i4) to give the method of optimisetion., Several optimisations can be macde,

Before each optimisation it 1s possible to augment the number ¢f basis






—1dm

orbitals, to increase the anzlytic description of an analytic orbital, to
fiz or free parameters and also to modify the values of the parametsrs and
4

their increments, If the values of the parameiers azre not modified, the

vay off of the preceding optimisation is not lost.

%.35.1 Numerical orbital,

A mumerical orbital is given by the same deck of cards as in Froess's
Trogran [3] Tiz,

a) a card wish 'ATOM! writien on columns 2-5 (the card is recognized Ty
this word)

FORMAT(32X,43,16,12Z,019.8) a ny s Ay

a is the name of the orbital,

no the number of points and AO is such that

£+1
Ra(r) AT when T - 0

b) enough cards to read

FRMAT(7F11.7) (i), i= 1,n0)

YM(i) is the wvalue Ra(ri)/Vri at point ri of eq. (1).

Remarks : 1) if n,> NPOINP then n,= NPOINP .

2) Another value of A, is computed from the first poinis of

0
YM . It replaces the preceding value if they are too different,

3) The cards in b) are listed only if a R card has been read
(see 3.3.9).

4) It is possible to read an orbital not defined in the angular

data. The following orbitsls will be macde orthogonal to it, The orbital

will appear with the type 3.0, .,






2.%3.2 Analytic orbital,

The 4 cards (with an A written in column !) permit the definition

E=1

of a sum of Slater functions

n L+14k, -a.Ir
i ;

AT e ~ (3)

4
e

1=

with A =1 and where the Ai (i#1) and @, are parameters.

The orbital a has then a radial part Ra(r) which is obtained by

S

orthonormaliising Sa(r) to the orevious orbitals =2 must be orthegonal to.

240 e
f . A -4 -7 N . " . ~
The Slater function =7 e reaches its maximum near & point r, of
e
- - f . / - .
the numerical mesh eq. (1). We shall call that i \1$1SNPOINP) the ceater

of the Slater function,

The format of an 4 card is :
FORMAT(1X,12,43,11(12,41,1I3)) iner , a ,

(ki , opt, , center, , i=1,11) .

This card states that orbital =2 1s an analytic orbitel and adds a term
to eq. (3) for each centeri # 0 . It defines the parameters
NPAR+1,NPAR+2... (where NPAR was the number of previously defined

A The initial wvalue

12 By 0 @

outer-loop parameters) representing a ooeee
of Ai (i#?) is zero, its increment iIs 1., The initizl value of ay is
such that the center of the corresponding Slater funciion is centeri ;

its increment is what is necessary fo disvlace the center to centeri+incr
(10 is a convenient value for dinecr ), All these parameters are free except
if opti is '%' which fixes a, .

Reimark : the values, incremenis and types of the parameiers can be defined

more precisely with 2 , T, V or I cards (3.3.7).






3.3.3 Developed orbital,

It is possible %o use the following representaticn

(2) ()
Ra1(r) = A11 Bb1 (r) + AT2 Bb2 (r) oea (4)
Raz(r) = A2f Béf)(r) + A, Béé)(r) o

where the Aij depend on inner loop parameters and the B

orthonormal basis orbitals,

Yor that define

a) Te basis orbitals with a B3 card { B in column 1)

FORMAT(3X,2443) b1,b2,...,b2d

bj is & new name contajning S, P, D, F , G or E (which determines
the basis). TFor each basis orbital define the type which can be numerical
{3.3.1) or analytic (3.3.2). In normal use each basis orbital is made to

depend on one exponent only ( n=1 in eq. (3)).

b) The orbitals to be developed with 2 D card ( D in column 1)

FORMAT(3X,24A%) at,a2,...,a2d

Attribution of the parameters A A ... 3in eq. (4) are considered

127 713

as parameters and numbered NPAR2-1, NPAR2~2, ... (notice the inverse

order starting from NPARP , where NPAR2 was the last inmer icop parameter

defined), A, is determined from the normalisation condition I Afi = 1

If 22 1is crthogeoral to at the following parameiers are A A

23, 24’ .o

(indeed A21 and 322 are determined by orthonormalisaticn conditions),

If a2 1s not orthogonal to a1 the following parzmeters are A22, Agx’
~

The initial velues of these parameters are zero,






Remariks 1) The number of orthogonal developed orbitals must be less than
or egqual to the number of basis orbitals at any time while reading the
input data,.

iy

2) The number of basis orbitals can be increased at any time,

%.%3.4 Unchanged orbitals.

They are defined by a XK card ( ¥ on 1ist column)

FORMAT(3X,244%) a1,22,...,a24 .
The orbitals al,...,a24 are numerical orbitals taking the same values a3
in the-previous case. |
Remark : If orbitals a1,a2,... do not appear in ATCM , 4 , D or X
cards and if they appeared in the previcus case with the same order as the
order of.the cards 3.2.2,-everyﬁhing happens as if there was a card

K.oa at a2 ...

placed after the E card.

%.%.5 Redefining the orthogonalities,

0/% cards (3.2.4) can be read before the 1st G card (3.3.8).

3.%.6 An example to be avoided,

e e e e i e o e s

In the following example
BaaaSA SB
A...SA..
1s ds developed on basis SA , SB
A nA3B..
DAO\A‘]S

Aonn23.,. } 2g  ds analytic.






If 1s i_ZS , in fact 2s will be computed from the Schmidt process
applied tc SA , SB , 28 which is rather abnormal., So it is advised

not to nake amalytic crbitals follow developed orbitals,

%,%3,7 Actions on the parameters.

Several actions are possible, depending on the character in 1st column :

vearX

n+1’ n+4

¢ oor T FORMAT( 1X,12,7E11:5) n,% X
Tn case ( {(resp. T ) it has the effsct of giving the value %,

0 rparameter (resp. increment) ¥ for ngkain (n+6,N?ARP)

7 PORMAT( 1X,5A1, 244%) 100d,03,0d500,,21,22,.. 0,220

where i, is Vv (variadle) or 7 (fixed)

j isex 8,2,D,7,6,E or blank {(1<xg4)

all i1s the name of an orbvifal or blanks (16N<24) . The outer

loop parameters involving the orbitals alN or orbitals with £

are freed (if i, is V ) or fized {if i, is F).

given by : 1

x
Remark ; it is no% sllowed to give an orbital twice on the same

Vv card,

L FORMAT(1X,79I1) i, ... i
(1x,7911) 1, -
The parameter k (1<k<79) is fixed if i, is 0dd, freed if

ik is even.

The paremeter k+ 79 (1<kg79) is fized if ik>1 , freed if ik$1

X FORMAT(1X,12,1%,12,1%,710.8) p,q,f
where 1pra . It defines a relation. The value XP of the

outer loop parameter p will be computed from parameter g (xo)

with the formula : X, = fx . If =0, f is redefined to be
I q






)
d

Remarks 1) The parameter P will appear as fixed.

-10-

X

X

el

&%t the time of the reading.

fie]

Do not fres

it (with Vv or L cards after the X card), since the effect

of

the X card cannot be suppressed,

[

2) If x_ and T, are the exponeats of two Slater

Tunctions with the sams k& , £ the center of these Slater

Tunctions will remain at a fixed distance.

-

3,3.8 Cptimisation,

An optimisation 1s made whenever a G card ( G in 1st column)

FORMAT(1X,15,13,E10.5,13,E10.5)

NBCALC,

DIAG,

CONVER,

INDIC,

EP?

Remark : if

nzximum number 5f steps in the cuter simplex lcop.

the energy is computed by diagonalisaticn if DIAG =

by the 2nd ordexr if DIAG = .FALSH. .

the simplex loops end when the relative variations of

energy are less than CONVER .

an option in the simplex method , it is advised to use

INDIC = -2,

accuracy to which the computation are made.

NBCAIC = 0 =» NRBCAIC = 100

DIAG is blank => DIAG = .FALSE.

C

ONVER = O => C(ONVER = 5 10’6
WDIZ = 0 = INDIC = -2

— - WV EE
PP < 1077 = EPP = max{107( , SCIUER)

10

is net.

- TRUE.

the

b






%.%,9 Various instructions.

Cards bveginning with

F rrinting the program parameters (3.1) and 37T0P .

* end of case, If there was vno ¢ card in the case, everytning
is as if there was a § card with the wvalues in the remark
(3.3.8) and vlaced befors the « card. After this card the
reading coentinues with the angular data of a new case (Section 3.2).

3 The numerical orbiials are renormalised {scaled) when this card
is read,.

R Printing more results.

P Puniching, for each optimisation the weights and the MCHF orbital
cards, and the orbitals on PUNCH cards.

PRINT FORMAT(5X,41,2443) i,a1,22,...,a24

or PUNCE Printing (case PRINT )} or writing on file 9 (case PUNCH )
@ritten a) if at is blank, all the orbitals (if i 1is 4—) or only

on
colunns the parametrised crbitals (if i is not + ). The basis

1-5)
prbhitals are excluded. Only o be used after a G card.
b) if a1 is not blank, the orbitals ai,a2,...,a24
Remarks : The printing/writing occurs at the time of reading

the card, In case a P card was read before, the orbitals on

PUNCHE cards are punched,

I FORMAT(1X,12,443) ¥ , a , b, ¢ , &
adding the integral R-{a,b,c,d) to the list of integrals and

computing its value. Only to be placed after the last (G card,






_-2t=

t0 avoid unnecessary caliculations. The following conventions
are used :

0 . Q .
I(afb) =R (‘c‘.,.\AA,D,A,\A) =R (&AAJarAAAJO)

7a,e) 3(v,4) = °(a,b,c,d)

(a]277]6) = Ba,nnn,byunn) with Xk = 15, 16 or 17

18

wa(o) U (0) = R (&, nnnsDyana)

"o
(2212} = 2'%(a,0n, Dy 0ns)

4, Data outpus.

4,1 Resuits printed,

Listing of input cards except numerical orbitals (3.3.1).

Printing of angular matrix if 2 R or P card is read in EDD (3.2.6).

For each optimisation : Orbital and type of each parameter.

Description of the basis.

Allowed range for the center of the Slater functions (it depands on

EPP , £ and k ).

The 3chmidi orthogonalisation process which is given on the ztable
N ORDER ORTHEOGONALITIES : it is made on the orbitals N with ORDER{N)> ©
with increasing wvalues of ORDER and by imposing the described
CRTEGGONALITIES .
Types of the orhkitsls

Integrals of orthonormality of numnerical crbitals,






Expression of the energy (only if a R card has been read). Eq. {2)
is printed, where the fixed integrals ars summed numerically and where the
varlable integrals appear in the form Ck * ¢ * B ¢ 1s the number of
. e . . . . . . . .
integral % and B = {i-1)WRECP+j if the overlap is Ov(i) ov(j)

(ov(1)=1) .

Steps of the cuter simplex loop. For each siep the type of the STEP
in the simplex method, the number of steps taken by the inner simplex loop,
the wvalus of the function minimized (which is the part of the snergy
depending on the parameiars) and the welghits of the states are printsed.
Moreover whenever a lower energy value YMIN is attained, the values XMIN of
the paremefers are printed : if the lower value is z%tained in the inner
simplex loop the parameters NPAR2 - NPARP are printed ; if it is attained

in the outer simplex lcop the parameters 1-NPAR and NPAR2 —~ NPARP are

rrinted.

£t the end of each optimisation the program prints :

The energy matrix, the weights and (if DIAG = .TRUE. ) fhe diagonalised

matrix and eigenvectors,

The analytic orbitals (values of A 5k, (centez‘):.L and @a, of eg. (3)).

i
Tor each orbital nf wvalues of Enﬁ y AO s occupation number and o ,
2 -3 4 . . ;
mean vaiuwe of r , 1 , r and T (same data as in Froese's program [3]).
. ) -2 -1
Matrix elements of , T , T and r .

The developed orbitals which are given in terms of their development on

the basis and in terms of the A. in an equivalent analytic description

L

like eq. (3) where the Slater functions are those generating the basis,






~2%

The isotope shifts, computed by the formula of Stone (1st column for the
specific part) or of Vinti (2ﬁ& column, for the specific + normal parts),
The first line gives the values for the full MCEF wave~function, the
following three lines the contributions of orders 1, 2 and higher. Fronm
the Vinti formula and the energy calculated the specific isotope shift is
extracted (spec Vinti) and split in contributions or orders 1, 2 and higher.

letails are printed if a2 R c¢ard has been read.

Isotope shift J integrals.

A%t the end of the case values of the Integrals and overlaps are
orinted. Orbltals on a PRINT card zre printed numerically just affer

the PRINT card {section 3.3.9),.

4.2 Date written on files or punched.

In file G is writien as card images the following data for use in the
MCHF program [3].
1) 1lat MCHEF card (as 3,2.1)
2) If 2 P card in read in EDD (3.2.6)
a) MCHF orbital cards (as 3.2.2)
B) the angular energy nmatrix (as 3.2.5)
3) For each opftimisation :
a) the weilghts .

8) the MOEF orbital cards with values of ¢ , e, and A .

4) In the FORMAT of Z.3.1, the orbitals given on FUNCHE cards (3.3.

O

).

Ttems 3) and 4) are zlso punched if a P card is read in ANALYT

(3.3.9).






24~

Whenever a lower energy value is attained in the simplex method,

the parameters which are printed are alsc written in file 10 in the fornm
of C cards (3.3.7). After each optimisation file 10 is rewound and the
Tinal wvalues of the parameters and increments are written, always in file
10 as ¢ at T card imzges. This file thus permits to restart an inter-
rupted executicon with the best reached values of the parameters : The

same¢ deck of cards is used, suppressing the (¢ cards corresponding to
completed coptimisations and adding file 10 before the G card correspon-

ding to the iaterrupted optimisation.

Subreutine CALCT writes on file 11 the values of the specific

isotope shifts.

5. Error detection,

In case of error the executicn jumps to next case (starting after
next x card) unless the option ENABIE (section 3.2.6) makes the

calculation to be attempted.

5.1 Overflow of dimensions.

For correction see section 3,1 . An error in the PARAMETER cards

(3.1) stops the execution.

5.2 Errors in angular data,

In the firsi card (3.2.1) one must have 0<Z<437 , -20CRHOER20 ,

0.0CG1¢HL10






The names of the orbitals must containa S, P , D, F , G oxr H.

Occupation numbers must be between O and 2(2£+1)

A1l orbitals must be used.

Configurations 2 to LETA mnust be bi- or monocexcitations of confi-
guration 1,

The numbers of integrals 7 , G and R are checked.

It is checked that each integral can_effectively oceur between the
indicated configurations (shells fitted, triangular couplings) and that
the overlap is 1 , (a'/b') or (a'/n')(a"/v") .

The excitations read { T cards 3.2.6) must be in the 1ist,

5.% Errors in radial data.

Fach orbital must be of one and only cne fype {(numerical, analytic
or developed).

Basis érbitals must have new names, and cannot be developed.

D cards are.only for orbitals already defined .in the angular data.

4 cards ars only for defined orbitals in the angular data or in B
cards.

The number of cards after an ATOM card is checked, but an error
dees not cancel the execution,

RelationsA( X cards) must be between parameters 1=NBFPAR .

The basis musi be iarge enough.

There is an error in the orthogonalisaticn order if a nmamerical
orbital is crthogoralised to a parametrised orbital or if the Schmidt
rrocess is noi feasible (orthogonalisation to 2 non orthogonzal orbitals).

The punerical orbitals wust te orthonormalised,






5.4 Non counvergence,

The execution jumps tc next case if the outer simplex loop is not

converging (number of steps is too small).

6. Description of the test run.

It is 2 multiconfigurational calculation on B III

>
1s2 25 + 25(p1)2 -3

The orbitals 1s and 2s from Be II are given numerically and
scaled. The virtual orbital pi is developed on the basis PA , P3B
consisting of Slater functions. The outer siamplex loop (on the two

exponents) coanverges in 58 steps.

In file 9 is written the necessary input data for a computation by

Froese's program [3].

The output file 9 of program EXCGH [9] can be used to enter the
angular data of EDD (section 3.2), TFor example, the test run could be
treated in the following way :

1. Ezecute program EXCGH with input :

aanBIIT. 25
D...25.2
Naoanld
BanatS.15,.P1, P!

S

=






2.

Execute program EBXCGH with file 9 replacing the angular

data and followed by :

H

ATOM BEII...
} remaining radial data of test Tun.
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Captions of tables.

Table |

Role of subroutines

Medifiable parameters.

Internal parameters. To increase LLIP 1t is necessary %o

complement the arrays {parametrised by MOY1P and MOY2P )

giving E__ . Parsmeter BSP {(number of vasis) must be

AL

equal to LLIP .

Commands in EDD






Table 1.

EDDA main program.
reading PARAMETER cards (3.1).
computation of addresses.
the exzecution then continues in EDD!
ANALYT reading the radial part of the data (3.3).
initialisations.

celling CEECK and OPTIM

at the end of a case the exscution goes back To  EDDY

CALCT computation of specific isotope shiftis.

CHECK checking of data and initialisations.

COCO determining from which pair of configutations i1s coming a
given integral.

COMP computation of en orbital.

DEKINT decoding of an integral.

ECRIRE editting Sla%er integrals.

EDD1 reading the angular part of the data (3.2).
construction of the energy matriz.
the execution then continues in ANALYT .

37 computation of isotopé shift intesgrals.

GIE computation of Slater integrals.

TMPR1 writing results at the end ¢f an optimisation.

MPR2 writing results at fthe end ¢f a case.

MODWE determining which asre the orbitals modified after a change
of the waluss of the parameters.

ONDE calculating the numerical value of the orbitals modified by

a change of the wvaluss of the parameters.






Tahle 1 (continued).

OFTIM running the simplex loops and computing the energy.
PRI printing developed orbitals.

PRT writing the angular data.

RECC finding if an overlap multiplies an integral.
RELIN computing outer loop parameters from relatiocns.

: . k
RNMEAN  computing (ajz |b)
ROK construciion of %the exprassion of the energy (computing

fized integrals).

SCAL scalar product bhetween ftwo numerical orbitals.

SC4M scalar product between two orbitals.

SETED inscribing developed or basis orbitals.

SETCOF finding the coefficients of the developed orbitals.

SETRK computation of integrals containing developed orbitals in

terms of integrals containing basis'orbitals.

ST determination of the next wvalues of the parameters by the
simplex method.

VERIF checking dimensions.

W reading orbital names.






Table 2.

PARAMETER not to be sxceeded by tThe number of

BLCP basis orbitals for a given £ .

L0CT analytic orbitals.

LCDP Slater functions =3-1 in analytic orbitals.

NBETAP configuraticons,

BPARP parameters.

¥BRK? differsnt integrals.

NBWEP orbitals.

NCPLEP pairs of configurations connected by matrix
elements,

NCRXP Slater integrals involving basis orbitals.

NERG? parametrised integrals in the expression of the
energy (identical integrals are counted as often
as they occur).

NETP configurations constructed in EDD! (3.2.6).

NFPINE Slater integrals constructed in EDD! (3.2.6).

NPOINP points at which orbitals are numerically calculated.

NP5 93 Slater integrals read in EDD1 (3.2.5).

NPe62t words needed in the simplex method,






Table 3.

PARAMETER not to be exceeded by

TRWFY the modifiable parzmeter NBWEP .

TBETAP " NBETAP .

TLOP " BLOP .

TOCP " Loce

FCS? the number of dsveloped orbiftals.

Isp the number of isotope shift intesgrals.

LLLP 2+t {(for shell nf ).

NRECP the number of overlav infegrals.

NRITP " of relations between parameiers { X cards).

PARAME the total length of the arrays depending on modifiable
parameters.,

REMAXP the maximal value of % in 1~ (that occurs in

Slater integrals).






Table 4,

18t character

effact

TNABIE

(columns 1-5)

o

X

printing and writing on file 9§ as card images the
constructed angular data : the written cards are

these described in sections 3.2.1, 3.2.2 and 3.2.5

printirg the angular data consiructed.

/

suppressing (i/E/3) if 1 #1 and § # 1

<.

execntion continues afisr the deteciion of an srror,
This command remains valid in ANAIYT (3.3)
constructing angular data. After this card the

reading of input data continues in ANALYT (3.3) .

constructing angular data. After this card <he
reading of input data starts on a new case in EDD

(z.2.1).
printing the program parameters and STOF .
see remark 2 of (i) section 3.2.6 .

constructing angular data, After this card the
reading of input data continues at point (i) of
section 3.2.6 , with the same initial multiconfi-

guratiocnal wavefunction.
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Abstracr. It has been known for a long time that. in a two-electron arc spectrum, the prop-
erties of the *P and 'P terms of the lowest s p configuration cannos be interpreted correctly
in a pure-configuration model. Foilowing the experimental determination of the hyperfine
constant 4(3s3p 'P,)in Mg [ by Kluge and Otten, this paper presents the ab-initio inter-
pretation of the (r‘3>3p hyperfine electronic quantities in 35 3p through the use of the
multiconfigurational Hartree-Fock method. It appears that taking into account the
effects of the monoelectronic excitations 3s—nd, 2p—np and 3p— n p leads to ab-initio
evaluations in very good agreement with experiment. The case of the 3p —n p excitation,
to which Brillouin’s theorem should apply in principle, is discussed. Using the same method,
a refined evaluation is proposed for the nuciear electric-quadrupole moment of Mg?®

{0 =0.200+0.01 barn).

1. Introduction

The alkaline-earth-like spectra, though apparently
- simple, are known to exhibit puzzling peculiarities.
One of these is the iarge difference between the elec-
tronic quantities ¢r=*> relevant to the hyperfine
structures (hfs) in the P and 'P terms of the lowest
sp configuration.

Such differences appeared first in the anatysis of the
hfs of mercury [1], cadmium [23 and baryum [3].
In 1966, Lurio [4] gave a semi-empirical interpretation
for them, through a modification of the Breit-Wills
theory [5]. Recently, Kluge and Otten [6] achieved
accurate measurements for the lowest sp 'R levels of
magnesium, calcium, and strontium, which lead to
stilt larger differences than for the atoms quoted above.
In the preceding paper. Kluge and Sauter [7]} give
an extensive review of the different phenomena and
methods which provide some information on the com-
parative electronic properties of the sp *P and *P terms.
Moreover they notice that, for the very light atoms
Be and Mg, Lurio’s interpretation is not suitable,

because it overlooks the influence of the magnetic
interactions other than spin-orbit.

In the present work, we have obtained ab-initio evalua-
tions of ¢r™3) guantities in the 35 3p °P and 'P terms
of Mgl The complexity of that case is moderate
enough for a first attempt on that type of probiem
and hopefully sufficient to allow generalization to
heavier atoms.

We first deduce from the measured values what we
call experimental values of the two {r~*),, magnetic
parameters in Russell-Saunders (RS) coupling. From
the theoretical point of view, these parameters would
evidently be equal if they were simply the mean value
of r=2 for the 3p radial function. Actually they are
not equal, due to contributions coming from the ad-
mixture of 35 3p with higher configurations. They are
calied effective parameters because allowing them to
have unegual values avoids, in pure RS coupling, any
explicit introduction of these perturbing configurations
in the interpretation of the hfs.



nz

To obtain ab-initio evaluations of these effective pa-
rameters, we apply the multiconfigurational Hartree.
Fock (MCHF) method. We also treat the case of the
second-order corrections which could not be evaluated
through the used MCHF computer code. Eventually
we obtain, through the same methods, an evaluation
of the (r~%),, quantity relative to the electric-
quadrupole hyperfine interaction, yielding a refined
value of the nuclear electric-quadrupole moment (.

IL. Experimental Values of the {r~?> Quantities

In 1962, Lurio 8] measured accurately the magnetic
hyperfine constants 4 of the *E and B levels of the
35 3p configuration in the arc specirum of Mg?3:

A(PR)= —144.945 +0.005 MHz
ACR)= - 128440+0.005 MHz

(values corrected for the mixing between close sub-
levels with the same F-value).

Recently, Kiuge and Otten (6] obtained the constant 4
for the 'R level of the same configuration:

A{'B)= =7.7£0.5 MHz.

a) Russell-Saunders Approximation

To exploit these three 4 values, we first assume that
the considered levels strictly obey Russell-Saunders
{RS) coupling, but that they may resuit from the
mixing between 3s53p and other configurations. For
each term we are allowed to introduce four hyper-
fine electronic constants, ie. ay, a,,, by, and ¢;, in
the notation of Bordarier, Judd and Klapisch [91
The a, b and ¢ constants correspond respectively to
the sV, Y and {s CP}Y parts (called respectively
the 5, I and s C parts) of the magnetic-hfs operators:

A =M+ Ao+ o= (28 By 1y/T)

2 [0 = TO (s CERYVYR2 +(87/3) 8(
[10, p.85]. In the non-relativistic limit for a pure
s p configuration, a,=0and b,=¢,

For the sp°P terrn we obtam by the standard
tensor-operator method:

A(:’Pl)= a5/4+ap/4+ b,/2+ C,l2
ACR)=a/4+a,jd+b,/2—c,/10.

)] 1

Evidently, three of the four parameters can be
eliminated by considering the difference 4(°R)~ A(*B),
which yields

B PP)= 0.01 MMz  {for the term °P).

Z. Physik 270 (1974)

For the 'P term, all three spin-dependent parameters
are useless, because § =0; we obtain A('R) = b,, whence

PSS (P)= ~77£05MHz  (for the term 'P).

b) Deviations from Russell-Saunders Coupling

We now take into consideration the {smail) influence
of the magnetic interactions on the coupling in 35 3p.
We write, for the intermediate-coupling expansions
of the J=1 levels:

W(CR)=(1- ¥ ¥ CR)+e v ('R)
YU RD =L~ Y ('R) —e y (R).

Toevaluate g, we assume, following King and Van Vleck
(11} and Lurio [4], that the spin-orbit constant {,
in the off-dzagonai element between P and 'B is Ay
times what {t is in the diagonal elemems for the
P levels. But we do not tely on the {very small
deviation from the Landé interval rule in *P o get
the value of 4,. Indeed Kluge and Sauter [7] indicate
that the value so found is 4,=1.8 and that this un-
physical result (4,>1 contradicts the physical idea
that the 3p electron is more loosely bound in the
P term) reflects the importance of magnetic inter-
actions other than spin-orbit.
Consequently we turn to previous determinations of
from the sp fine structures of heavier alkaline-
earth-like atoms [11]. From calcium to mercury, we
observe that 0.76<i,<0.84, with the same value
4,031 in the two true alkaline-earth atoms im-
mediately heavier than Mg The values obtained from
the lifetime values of the J = ns np levels {7, Table &}
are also close to 0.8. We finally choose A,=0.80++0.04
for our problem.
This leads to the approximate value

e= 4,05, V2/2[ECP)~ ECP))~ - 0.0017,

in fair agreement with the value —0.0020 obtained
by Swagel and Lurio {25] and quoted by Kluge and
Sauter [7, Table 3].

Because ¢ is almost zero, its effects on the hfs of the
levels can be approximated by the quantity AA=
Fe(—a+a,—c )/]/5 {the upper sign corresponds 1o
‘P, the lower to 3P) which is the product of F2¢ by
the off-diagonal hyperfine constant between *E and 'R.
In this expression, the a,, a, and ¢, parameters are
those corresponding nezther to P nor to P, but to
the off-diagonal element between *P and ‘P. The
largest is a,, which is 4, times a,(*P), with, according
to Kluge and Sauter [77, 4, close to 1.15 {the MCHF
results which will be presented in Tabled lead to
4 =1.10). To obtain aS{E‘P), we use the value of A{3P3),
in which
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~ we neglect a,(*P), which is due to core polarization
by the loosely bound 3p electron and to relativistic
corrections;

— we assume b,(*P)=c,(*F); an ab-initio evidence
for this approximate relation is given in § VL. Then
a,(*P)= ~470 MHz. Coming back 0 44, we take into
account the A factor, we neglect again a, and we
take, for the off-diagonal parameter ¢, the approxi-
mate value

~[b,{P) b,(P)]tx= — 15 MHz.

We finaily obtain 44 = +0.67 MHz, a value which
should not be wrong by more than 25%.

These corrections must be subtracted {rom the experi-
mental 4 constants for the J=1 levels. We derive

¢ PPY= —264+03 MHz

b ('P)= ~8.4£0.7 MHz

which are values corrected for intermediate-coupling
effects. Knowing [(Mg**) = 3/2and u{(Mg**)= - 0.355}
(123, we deduce the values
(r2>3,(*Py=0.809 £0.009 atomic unit {a.u)

(7 5,(1P)=0257 £0.021 a.u.

and

pe=(rey 5, CPY ), ,(IP)=315£03,

which we must now try to interpret.

{11, Application of the HF and MICHF Methods
ay Use of the HF Method

The best known ab-initic method for atoms is certainly
the Hartree-Fock (HF) method. In 1966, Klapisch [13]
obtained with Froese's computer code [14] the HF
functions of the 3P and 'P terms of the lowest s p con-
figurations in the atkaline-earth atoms. For magnesium,
he obtained, in this monoconfigurational scheme,

(r=3,,(°P)=0.6073 a.u.
(r=;,(1P)=0.123% a.u.

From these values, we deduce
p=Lr7 35 PR35, (P)=49,

The agreement with experiment is very poor. However,
the HF value already indicates that the smaller (v %>
value corresponds to the 'P term. This qualitative
fact is easily understood by considering that the electro-
static repulsion between the electrons 35 and 3p is
{in the central-field scheme) larger in the 'P than in
the *P term. The more loosely bound 3p electron is

thus pushed outwards when one goes from P to 'P,
and its {r~3) value decreases consequently.

B) M CHF Method.: Principles and their Application

Since 1966, a new computer code has been built by
Froese-Fischer [15], which ailows to compute multi-
configurational Hartree-Fock (MCHF) functions, as
first obtained by Hartree eral. [16]. The principle
of the MCHF method is the following. Once a given
set of Russell-Saunders terms from various configura-
tions is assumed to contribute appreciably to the wave-
function of a level, the MCHF method yields the radial
orbital functions and the weights of the terms which
minimize the total energy E of the level. All the terms
must correspond to the same ***'L symbol, because
the used hamiltonian # is, as in the HF method,
purely kinetic and ¢iectrostatic.

To refine the HF values, we first aim to obtain the
second-order corrections to the hfs. We define these
corrections as in the perturbation scheme, namely,
as deriving from the mixing, with the HF mono-
configurational wavefunction ¥, =|1s% 252 2p°353p-
SLJIF M), of states . from singly-excited con-
figurations such that

{L(’OI A w’exc) (Ebm! jfh!s Wo)*o

where o, is the his operator.

In the foilowing, we call an “excitation” the symbol
ni-n'l, for n, I, ' —but generally not n’'—fixed; it
represents the process of mixing ¢, with states of
all excited configurations where one electron nl in
i, is replaced by one electron n'l. For Mgl
152252 2p% 353p 3P, the relevant excitations are:

for the | part of the hfs: 2p—3p,np
for the s C part: 15,25,3s-nd and 2p-3p,np,nf.

in addition to these, one may think of the 3p—np
excitation. But, at first sight, it appears that this
excitation should not be considered if one is interested
only in second-order corrections. This is a consequence
of Brillouin’s theorem [17]: if the radial functions of
the electrons 1s, 2s, 2p, 35 and 3p have been obtained
through the HF method, the off-diagonal matrix
element

(152252 2p%353p SLM M, | o# |15 25° 2p® 3snp
CSLMM,)

is zero for any np radial function orthogonal to the
2p and 3p ones. In spite of this theorem, we shall see
in §V, from the first numerical resuits, why the
3p — n p excitation was finally introduced.

We consider now one of the retained excitations,
denoted nl—n'l', and one of the two relevant parts
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of the magnetic his. If 2" "% 3 p, we are faced with an
infinite series of excited n' I’ radial functions {infinity
in the radial space) and generally, for sach such n'/
function, with a number of different 'P and P terms
[plurality in the angular space). For example, there
appear nine different *P terms in 15* 25* 2p° np 3s3p.
Fortunately, in an MCHF computation aiming to
second-order corrections omnly, this whole ot of
excited terms can be reduced to one for every ex-
citation [18]. We counsider, for example, the case of
the 2p-np excitation. The angular reduction is
particularly simpie in our problem. From angular-
momentum selection rules, we ses immediately that

(152252 2p5 353p *PJIFM | # - |15% 257
2P np)SL,(3s3p) S L] PJIFM,)

is different from zero only if{SLY=(12) and (§" L) =11},
and that

(157 257 2p8 35 3p *PIIF M A ils™ 2
F2p° npYSL.(353p) ST L) ‘PJIFMF)

is different from zero only if {SL)={01) and {5 L)=={01).
As concerns the radial space, the total contribution
of the infinite number of excited configurations with
different n values can be reproduced, to second order,
through one excited configuration, which we denote
15*25% 2p° py 353p.

Due to the {act that the p; and 3 p radial functions are
necessarily orthogonal in the MCHF procedure, the
effects of the 2p — 3 p excitation must be computed in
another way (see § [V.h).

¢) Chosen Excited States

Considering the list of relevant excitations, the MCHF
computation for {r7 )3p(3P) should contain six
configurations and that for (r 3>, ,(*P) two con-
figurations. For two different reasons we worked in a
different manner.

First the 3s-nd excitation has a particular role.
Indeed the 343p configuration lies, in the Mgl
spectrum, not very high above 353 p. So we expect
that the 3s—nd excitation, although giving no
second-order effect on {r*>;,('P), can give ap-
preciable higher-order effects. We therefore introduce
that excitation in both computatiens.

Secondly, the MCHF computer code works safely
only if the weights of the excited configurations are
not too small. This is due to unavoidable inaccuracies
in the numerical integration process. Unfortunately,
this problem appeared in the computation of three
excitations for the sC pary, namely 15 and 25—nd
and 2p—nf We chose to deal with those excitations
by an analytical method (§ I'V).

Z, Physik 270 (1974

Table 1. Off-diagonal ciements of #

Calculation Configurations Ofl-diagonal element
P C-C, YIRY(353p, 30 d)3
~VIR (35 3p.dy 3p)/S
€\~C, VISR (2p 3p. 3p /3
+Y/ 3R (20 3p.3p pyli73
C-C, “le(ZP Pus 35 di)f 13
(‘P C\-C, VZ2RY3s3p. 3p dy)3
+VZR*(353p, dy 3p¥5
C-G I/ERO{293P,3PP|1)/3
~YIRM2p3p.3p o)/ 10
C,-Cy 0

Table 2. Matrices of the his contributions to <r'3>3?

c, c, ¢y
Calculation °2)
R PR oS S PO
C, Gy 0 ey 2 0
c, 74Ty, 40+ (7,20
=140y, 40

Calcuiation ('P)

C, %y, O —y’i(r“’)zp_m
C, SR GERO RIS Rk ViR ¥
c, CRROTINEE T C Rt M

H{rey, 4

d) MCHF Numerical Results

We are now left with two 3-configuration MCHF
calculations, denoted (*P)and (*P): for both {r,z*>,,(*P)
and (r[%>;,{'P), we study the mixing between the
refevant LS terms of 15?252 7p 353p {denoted C)),
15?257 2p%dy; 3p(C,) and 152 25* 2p° py 35 3p(Cy);
following a recent paper {19], we denote dy; and py
the virtual orbitais describing the relevant correlation
effects in the M- and L-shells respectively, with the
Py radial function being orthogonai to 2p and 3p.

We first built the matrices for the electrostatic hamil-
tonian ¥ and the relevant parts of 2. To eliminate
any relative-phase ambiguity as concerns the states,
we present in Table | the off-diagonal matrix elements
of # between configurations. For M., we list in
Table2 the diagonal and off-diagonal quantities
which contribute directly to the {r~?) effective param-
eters to be computed: for exampie the excitation
35— dy contributes to {rg>),,(° P}, 1o second order,
through the additive expression — 7}/ 2ww, D T
where w, and w, are the weights of the configurations
C, and C, in the MCHF state.

We obtained the two 3-configuration wavefunctions,
using the computer code of Froese-Fischer [15] and
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Table 3. Weights w, of the MCHF configurations C, and total electronic energies

Calcu- W, Wy W Energies
lation
HF [13] MCHF

P 0.99307 ~0.11750 ~0.00336 -~ 199.5455 - 199,554
(7 0.97574 -0.21893 -~ 0.00095 — 1994701 ~199.4821
Table 4. Orbital properties of the MCHF resuits {in a.u.)
Orbitals Calcuiation (°P) Calculation [*P}

g Ay €] € Ay (>
ls 98,1674 30.2813 0.1306 98.2755 80.2819 0.1306
25 7.6335 202673 0.690% 77363 202726 0.6508
2p 4.6718 32.0121 0.6838 4.7728 32,0209 0.6838
3s 0.68358 40884 3.1143 06216 4,4905 2.9274
3p 0.3781 $.3563 1.00348 0.2531 54724 3.233¢
dur 3.6859 0.4675 42231 0.6236 1.6854 22119
2 47057 38.4207 1.3884 17940 18.4396 [.9350

Table 3. Values of the {r™3>_,_ .. quantities {in a.u.)

nl—n'{ Calculation (*P) Calcuiation {*£)
Ip—2p 34.9614 24,9687
3p=3p 0.6298 0.2751
g =y 0.0355 0.0372
P~ Py 25.3095 17.4658
35mdy 0.0345 0.0348
2p =y 24.0396 20,0562

the matrices of & (Table 1). For both calculations

—Table 3 gives the weights w, of the configurations C,

and the total electronic HF and MCHF energies
(in a.u.),

- Table 4 gives the main features of the radial functions
R,,(r} obtained, i.¢, for each n! orbital, ¢,, (the orbital
energy), Aqin)=[R,(r/r'*'1,., and {rd,, (the mean
value of r),

—Table 5 gives the values of the quantities

- ol 1
<?' 3>ni-—n'l'=6] Rn!(r) Rn'!'(r)_r.‘g_dr

relevant to the final evaluation of the {r=3}, effective
values which are the aim of this work.

From those results and the matrices of #, (Table 2)
it is straightforward to obtain, in this approximation,
the effective values

(s, PPy=0752a.u,

iy, {'P)=0311 au.

and their ratio p=24,

I'V. Results for the Excitations 15, 25— n d
and 2p-—nf, 3p

a) 1s,2s—ndand2p—nf

For {rg*>;,(*P), we now consider the cases of the
ls, 2s—nd and 2p-snf excitations. We have said
above that, because the weights of these excited
wavefunctions are too small, numerical inaccuracies
in the MCHF procedure are prohibitive for the
determination of the relevant virtual orbitals.
Consequently, we built an independant computer
code to obtain analytical approximations for the
orbitals denoted 4,, dy and f,. We suppose first that
any of these radial functions can be expanded in terms
of Siater-type basis functions:

Ryln=3 a;rie .

Starting from some values of the a;, n; and {; quantities,
the code optimizes the a; and {; parameters in order
to minimize the second-order energy contribution
~(NDy
4E
element of # and AE the (positive} energy difference
between i, and the considered excited state. Due to
the fact that the radial functions in ¢, are fixed to be
the numerical HF functions guoted above, all neces-
sary integrals are computed numerically. The opti-
mizing procedure is effected through the SIMPLEX
method {20]. Of course, throughout this procedure,
the excited orbital R, ,{r) is maintained normalized.
For anguiar selection rules as above {(§ IIL.b), the only
excited terms useful to second order are those con-

, where (ND) is the off-diagonal matrix
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Table 6. Weights and second-ordet energy contributions {in a.w)

Excitation Weight Energy contribution
b5 —d; —0.000052 -0.19-10"¢
25— dy 0.00051 —042- 1078
2o fy —0.0014 —0.60-10°

Table 7. Virtual orbitals for the excitations ls, 25 -d and 2p -
{unnormalized)

Rd‘(.")=i’") 8—0'1593"#0.337311’5 am BRIBTr 4y £350 8, 11359
Rd“{l")=i‘3 = 13752r 1y n47 pd p 32608 ~0.89429 pF g -+ 2863
Rm(r)xr‘ 8'1'7877’-:—0.25184 r* 8*5'8700'—0.29685 r3 g 500Er
d: A, =858.3, (r) 0374

dy Ag= T2, (r>=133

Su: Ag= 877, {r>=12561

taining respectively the groups (lsd)’D, {2sdy)°D
and {2 p7 £,)°D. For the three calculations:

—Table 6 gives the weights of the excited RS rterms
and their second-order contributions to the energy,
~Table 7 gives the analytical expressions for the
radiai functions R, (r) obtained {in unncormalized
form) and their main featurss.

Eventually the off-diagonal {r™>>,,_,., integrals use-
ful for the contributions to {rz*> (°P) are

<r—3>ls—d;=i72
(e gy= ~0.48
<r_3>2ﬂ“fn: 1.36.

The tota! second-order contribution of these ex-
citations to (rg”>;,(°P) is

Y2 g Wa T gy, W)
-6 <r—3>2P"f11 Wﬁ/m’

where w,, w, and wg are the respective weights of the
excited states, We find for its numerical value +0.0169.

b) 2p—3p

The evaluation of the second-order effects of the
2p—3p excitation is just a matter of numerical
computation of the off-diagonal elements of # and
Hyg,, because all the necessary radial functions are
known from the HF results, The resulting contri-
butions to the (r73),, effective parameters are
respectively +0.0095 for the sC part in *P and
—0.0099 for the | part in 'P.

Adding all contributions, the total <r“3>3p values
are now respectively 0.779 and 0.301 a.u., with the
ratio p=2.6. This value of p is quite different from the
experimental one (3.15+0.3; see § [1.b), although we
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have taken into account the whole list of second-order
effects which should contribute in principle (see § {11.b).
This appears to be due to an inadequate application of
Brillouin’s theorem, which we discuss in the next
paragraph.

V. Excitation 3p—np
a) Discussion on the Application of Brillouin’s Theorem

We consider again the case of the 3p— n p excitation
(see § I11.b). Indeed the off-diagonal matrix element

(152252 2p%3s3p SLMGM | # |15° 25 2p%3snp
* SLI\/Isl\/IL)

is zero for any np radial function orthogonal to 2p
and 3p if the radial functions 1s, 25, 2p, Isand 3p are
the HT radial flunctions. Bui, at this stage of our work,
the best radial funcrions which we have found are
those irom the MCHF compurations. Those functions
are different from the HF functions: the best example
for this is the 3 p radial function for the ‘P term, whose
{r=* value is 0.1239 in the HF computation [13]
and 0.2751 in the MCHF computation (Table 3},

We conclude that we cannot any more take advantage
of Brillouin’s theorem to exclude the 3p—np ex-
citation from the list of second-order sffects.

b} Analytical Treatment of the Jp —np Excitation

The copy of Froese’s computer code which we had at
hand did not allow the introduction, in the MCHF
procedure, of two terms whose off-diagonal element
for the hamiltonian 5 contains monoelectronic
integrals, due to the kinetic energy and electron-
nucieus interaction. Unfortunately, |353p SL) and
|3snp SL) are two such terms. We were therefore
obliged to evaluate the effects of the 3 p —» np excitation
analytically.

For the sake of simplicity, we limited ourselves to the
introduction of only one other excitation than 3p - np,
namely 35— nd, whose introduction leads to the
essential differences between the HF and MCHF
radial functions. We could choose between two
equivalent ways of computing the combined effects
of these two excitations: first, the mixing of 353p,
35 pyy and dpyy 3p, with the 3p and py functions being
orthogonal; secondly, the mixing of 35 3p with dy; 3p/,
with no corthogonality constraint on the 3p and 3p’
functions [17]. For computing reasons, we adopted
the second scheme.

Noting that the radial lunctions 1s, 2s, 2p and 3s
would probably not be appreciably changed through
the introduction of the 3p—np excitation, we fixed
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Table 8, Analytical results for the mixing (35 3p+dy 3p) (in a.u)

*P) ]

{r> o {ry <y
3p 4.04 0.627 3.52 0.244
3p 3.23 1133 3.45 0.930
dug 418 0.035 4.40 0.034
wilslp) 0.993 0.968
widy 377 -0.122 -0.249
Total energy —199.5520 - 199.4897

them to their numerical description which results

from the MCHF computations in § [11.d. As for the

3p.dy and 3p' radial functons, we expanded each
of them on a Slater-type basis, and we optimized them
with the same computer code as above {see § [V).
Table 8 gives properties of the analytical functions,
the weights w(3s3p) and wid3p" and the total
energies obtained. Companng with the MCHTF energies
in Table 3, we see that as could be anticipated, the
decrease in energy is much larger for P than for *P.
Eventually the only useful off-diagonal quantities are,
in the P calcuation, {r7*)3, 4, =0.036 and the
overlapping integral between 3p and 3p, equal to
0.962.

V1. Discussion, Quadrupole Electric Moment of Mg?*

In the preceding paragraphs, the results are presented
in an a priori order. For the final table (Table 9), we
prefer to use an a posteriori order. In the first three
columns of this table, we present the values of the
effective parameters (r;z*>;,(*P) and {7 *>;,('P) and
their ratio p in the following series of approximations:
~the HF result for the average of the 3s53p con-
figuration, i.e. a kind of “central-field ” result,

—the HF results {§1L.a) [13],

—the MCHF results for the mixing of 3s3p and
dy 3p; these results were not presented above, but
are, for what concerns these two configurations, very
close to the results of §1I1.d. We present them to
stress the fact that, for the !P term, the change in

(r=%»,, between the HF and MCHF resuits of § I1il.d
is due to the introduction of the 35— n d excitation,
—analytical results for the mixing of 3s 3p and d; 37/,
which allows {or the 3p —n p excitation (§ V),

—same results as before, with addition of the second-
order effects due to the 2p-»np excitation (§§[I1.d
and V.b); the figures relevant to the evaluation of
these effects are taken from Tables 2, 3 and 5,

—same results as before, with addition of the second.-
order effects due to the excitations of is, 2s—nd
and 2p~3p, nfi§IV),

—same results as before with addition of the relativistic
correction. Here we use the approximation obtained
by Judd [21] on the basis of Casimir's theory: we
multiply the non-relativistic result by (1+83 22 «%/80)
for (7%, and by (1+354412%«*/2160) for (),
with x=1/137 and Z =12 {or Mg,

—the experimental vaiues (§ D

The comparison berween the last two lines of this
table is rather satisfactory: the (r7%),, sifective
parameter for the 'P term and the ratio p agree with
the experimental values, and the other (r™*) value
is ciose (2%) to experiment. The first five lines show
that three types of excitations have by {ar the largest
influence on this result:

—~3s-+nd, which strongly modifies the 3p function
in the 'P term; it acts on {r~*),, through higher-
order (rather than second-order) effects:

—3p-+np which, as a consequence of the preceding
excitation, has a larger influence in the term 'P, because
of Brillouin’s theorem;

—2p—+np, which brings about the same relative
increment {+20%) for both terms, and, consegquently,
does not affect p much.

The remaining excitations which are efficient to second
order of perturbation, namely 15, 2s ~ndand 2p-nf,
3p, bring much smaller contributions to (r‘3>3p.
The agreement we obtain between theory and ex-
periment tends to confirm the fact, already apparent
in previous results [24, 193, that the higher-than-
second orders of perturbation contribute quite gener-
ally to the orbit-dependent hfs parts for less than 3%

Table 9. Evaluations for {2, effective parameters (in atomic units) in 3p and 'P and the ratio p= (2 CPY (D ('P)

<",_CJ>JF(3P) <’]—J>3p[lp) 2 <r12_3>3p(3P)

HF: average of 353p 0.501 0.501 1 0.50%
HF {13] 0.607 0.124 4.90 0.607
MCHF: 353p+dy 3p 0.625 0.252 3.48 0.625
Is3p+dy3p 0.626 0.203 3.08 0.626
id. ~{Zp—np) 0,750 0.255 2.94 0.844
ibid. +(ls, 2s—-ndyand 2p-—3p.nf) 0.37 0.246 316 0.840
With relativity included 0.792 0.248 310 0.847
Experiment 0.809+0.009 0257+0021 3i3=0.30
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aitogether {the exception being, here, the case of the
35— nd excitation).

We could evaluate the quantity b,(*P), using the same
method as for ¢, (*P) and b, (*P), in order to justify the
assumption bp(3P)=cp{3P), used in § [I.b. As concerns
the results for the mixing 3s3p+dy 3p, the values
of b,(*P) and ¢,(*F} are clearly identical; the final
resuit is (r"*>;,(°P)=0.765 a.u, a value close to
that of {rz*>,,(°P) in Table 9.

Considering the satisfactory results obtained on the
magnetic hfs parameters, we computed, exactly in the
same way, the radial parameter for the slectric-
quadrupole hyperfine iateraction in the P term,
denoted (r5 >, ,(*P). The correspondingresults appear
in the last column of Tabie 9. For the excitations of
Is, 25 and 2p, it is clear that the relevant excited
states are built from (3s53p)'P and (Lsdy), (2sdy),
(2p° py) or (2p° ;) coupled to 'D. For the approximate
relativity cotrection, the noa-relativistic result is o
be multiplied by the factor (1 +327%+*)[22]. The
figures for the 5 C and Q parts of the >P hfs (first and
fourth columns) are identical in the first four lines:
this is due to the fact that the matrix elements for
{sWCMMW and ¥ are proportional for states
containing only m = +1 electrons in the open shells.
The final result, {r5 >, ,(*P)=0.847, can be attribured
an uncertainty of 3%, in view of the good agreement
between theory and experiment observed [or the
magnetic {r~*> effective parameters. The formula
for the experimental hfs constant

BCR)=%e* Q¢ %y, [8)

leads to the value Q({Mg?*}=0.200+£0.01 barn.

As the treatment in this paper accounts for all crossed-
second-order corrections to the hfs, this value of Q
can be considered as including the Sternheimer
correction.

V11, Conclusion

Concerning the computing procedure, we conclude
that the MCHF method yields, without toc much
labor, fairly accurate results for the evaluation of
orbit-dependent hyperfine electronic parameters, pro-
vided

—the MCHF computer code can treat the nl-sn']
excitations without constraining the excited orbitai
to be orthogonal to all the occupied orbitals with the
same symmetry. a recent version of Froese’s computer
code [23] fulfiils this condition;

—the e¢xcited states which enter the MCHF wave-
function with too small a weight can be treated safely.
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In the present work these states bring only small
contributions, which could be computed approxi-
mately by an analytical program. But this is not the
case, for example, with the {s— nd 2xcitation in the
ground terms of the 2 p-series atoms [19], in spite of its
weight smaller than 0.001 in absolute value,

Kelly applied the many-body perturbation theory
(MBPT), with much success, to the hyperfine (r~?)
parameters in the ground term of oxygen [24]. It
would be interesting to see in which way {(especially,
to which order of perturbation) the MBPT method
describes the very large difference between the {r™ ),
factors in Mg [ 3s3p 3P and 'P.

We gratefully acknowiedge the use of a MCHF computer code of
C. Froese-Fischer for obtaining many of the above results.
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Résumé. — Les effets de second ordre dus & interaction de configuration sur les paramétres
concernant les parties de structure hyperfine magnétique dépendant de Uorbite ont ¢té évalués a
priori dans les termes fondamentaux du Scandium et du Titane, Les imporiances relatives des diffe-
rentes excitations sont discutéss. Les valeurs du rapport x = aja, obtenues dans Sc et Ti sont

respectivement 1,07 et .05

Abstract. — A& initie calculations of the second-order effects of the coufiguration interaction on
the orbit-dependent magnesic-hyperfing-structure parameters in the 3d¥ 4¢® configuration have been
performed. The importance of the contributions of the different excitations is discussed and a compa-
rison is made between Sc¢ and T, The ratio ¢ = a/a,c is found to be 1.07 and .05 in Sc and T

respectively.

To take into account the effects of the configuration
interaction on the hyperfine structure, three radial
parameters are needed, for a given pure Russell-
Saunders term. They correspond to the three parts of
the magnetic effective hamiltonian : the orbital part,
the spin dipole part and the core polarization part.
This means that the { r~* > quantities are different
for the orbital part and for the spin dipole part. It is
convenient, in the case of a pure Russeil-Saunders
term «SL of an ¥ configuration, to define correction
factors A, such as

(3 =0 +8)4r™ 3> (x=1 or sC)

where A, depends on «SL.

Using the second order perturbation theory, the
A factors can be written as linear combinations of
radial integrals arising from the different excitations
which occur. Bauche-Arnoult [1] gives the formal
expression of the A factors for the Hund terms of ¢
and ¥ configurations. These expressions exhibit
some striking features ; the formal expression of
A, = A, is the same for d and d?, d° and 4%, d® and
d”, d® and d° except for the part arising from the
excitation d — g. The ratio of hfs parameters

& i+ 4

O == e

asC=§'+A5C,

which can be written | + (A, — A,¢) since the 4 cor-
rection factors are small compared t¢ unity, should
therefore have the same value for the Hund terms of

two neighbouring elements (if we assume that the
similar radial integrals change very little {from one
element to the next one in the series and if we neglect
the contribution of the d — g excitation).

In the 3dY 4s” series, the pairs are (Sc, Ti), {V, Cr),
(Fe, Co) and (Ni, Cu). Childs and Greenebaum {2]
have gathered the experimental data avialable in this
series. For Fe and Co the data agree well with the
prediction since ap, = 0.94 + 0.03 and ¢, = 0.924.
Unfortunately the ground configurations of Cr and
Cu are not of the 3d" 4s® type and therefore these
hyperfine structures have not been measured by
atomic beam resonance. Furthermore, in Cu, the
distance between ?Dj;,; and Dy, is 2042 cm™ '
This would not allow the off-diagonal hyperfine-
structure studies which are necessary if we consider
the three independent parts of the hamiltonian.

For these reasons cur attention has been drawn
to the pair (S¢, Ti). Several experiments have been
performed. Fricke er al. [3] have measured the hfs of
the *D levels of Sc. Childs [4] has been able to deter-
mine the off-diagonal hyperfine-structure, because the
distance between 2D, and 2D, here, is only
168 cm™ . The values of the three magnetic hfs para-
meters lead to the ratio « = 1.137$%]. As concerns
Ti, Childs [2] has deduced, from the experimental
result on the three levels 3P of Channappa and Pend-
lebury [5], « == 1.03. We concluded, at that time,
that the prediction was valid. However, more recently,
Gebauer et ¢l [6] have obtained in Sc a value of «
with a much better accuracy : o = 1.123 £+ 0.010.
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TaBLE [
Analytical MCHF
Contribution 3¢ Ti Se¢ Ti

Is — Ayt — 0.000687 - 0.000 712

2|y - Ay ~0.010284 - 0.010925 - 0.010350 - 0.009 765
3s - A - 0.004 625  — 0.002 862

4s - Ay - 0.000705  — 0.000 427

Yy Ay~ Ay +0.085089  + 0.079 477 +0.084273 4+ 0.079 383
3p (7P Al = A +0.052878  + 0.018 662 +0.053309  + 0.017 725
2p } o F - Ayt -~ 0.016008  — 0.015251 - 0.016014 = 0.015 509
Ip - A —0.020286  — 0.017 684 —- 0.020610 - 0.017 557
1s — Ay —0.000020  — 0.000 024

2s d - A ~0.003364  — 0.003 632

3 (07 - Ayt -~ 0.009 363 - 0.007 931

ds | - A +0.000316  + 0.000 122

3d) = - Ay 0 0

3d b df A~ A 0 0

3 j—- g - Ay 0 + 0.008 635

Total + 0.072 941 + 0.047 448

Therefors, in order to understand the discrepancy
between ar; and ag,, we performed ab initio evaluations
of the a quantities.

For each configuration of the type : 1s® 25% 2p® 3s*
3p® 3d™ 452, seven kinds of excitations can occur :

i) excitations from a closed shell to an empty shell :
Is, 2s, 35,45 — d’

2p,3p—p’
2p, 3p = {7

ii) excitations from a closed shell to the open shell :
1s, 28, 3s, 45 - 3d
i} excitations from the 6pen shell to an empty shell:
id-s,d,¢g

(we note that the excitations of a closed shell 1s, 2s,
3s, 48 to an empty shell §' give a contribution only to
the Fermi contact term, that we do not consider here).

From Bauche-Armoult [1] the formal expression of
Ay — Ay is the same for S¢ and Ti for the excitations 1)
and ii). In the third case, A} — A is zero for 3d — s
and d’ for both elements. 3d — g’ gives 0 for Sc and a
non zero value for 3d? 4s? °F of Ti.

The separate effects of each excitation can b
described i terms of one virtual orbital since the
excitations invelve only one electron. Each virtual
orbital was determined as an analytical function by
optimization {7} For each of the larges: contributions
to A and Ao (> 0.01), it appeared feasible to check
our result by making another calculation, using
a  Muilticonfigurational  Hartree-Fock  program
(MCHF) {8). The MCHF procedure has been used

here for obtaining the virtnal orbital relevant to the
true second order effect, that is, with vanishing
weights for all excited configurations. In the five cases
that we considered, the results obtained by the two
methods are very close (Table I).

If we examine each excitation separately, we see that
2p, 3p — p’ give contributions much larger than the
other ones, due to the large spatial overlapping of the
radial functions. The following ones in order of impor-
tance are 2p, 3p — ', the excitations of the ns closed
shells being ten times weaker.

Comparing Sc and Ti we see that, except for
3p — p’, the large contributions do not differ by more
than 20 %,. For the inner shells Is, 25 and 2p, the
differences are very small : less than 10 %. For 3s and
4s they are somewhat larger.

The sum of the contributions of the different
excitations to A; — A, is given at the bottom of the
table, Omitting the last figures, we have summarized
the results in table II. The effects of relativity arc
expected to be about 1 % for both Sc and Ti, reducing
the calculated value of « {9].

In conclusion, as it was expected [l}, when we
consider the second order effects, the ab initio evalua-
tions of « for Sc and Ti lead to values which are close
(in spite of the excitation d - g in Ti, which turns

TasLE II
Sc Ti
X caleulated 1.07 1.05
& cale. with relativity 1.06 1.04
o 1.12 + 0.0t 1.03

sxperimenial
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out to be % of the «r, value). The problem of the higher-order effects, in particular near-degeneracy
bad agreement with the experimental g, value remains.  effects, would be of great interest. In order to check the
However : on the one hand, the configuration-mixing agreement with other experimental results, similar
wave functions are not yet known for the even low second-order calculations for the other elements of
levels of Sci; on the other hand, calculations including  the series would be instructive.
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Abstract

Fing and hyperfine siructures and isotope shifts in the arc spectrum of mercury.
Part II. Empirical interpretation. S. Gerstenkorn, J. J. Labarthe and J.
Vergés {Laboratoire Aimé Cottog, C.N.R.S. II, Bat. 3505, 91405-Orsay,
France).

Physica Scripra (Sweden) 13, 173=176, 1977,

An empirical study of the mercury atom is reported. For the odd 6Gsnp
(n=6-3), 6p° and 6s3f configurations, the levels are studied by the para-
metrical method with configuration interaction. Hyperfige structurs and
isotope shift parameters are determined for these configuraticns, taking
into account second ovder hyperiing interaction eifects. For the even Ssnd
(n=6-8) configuraticns and the 199 and 201 isotcpes an empirical study
is made by diagonalizing the total {fine + hyperfine) hamiliconian, aeglecting
configuration interaction. The &sas (n=7-10) configuraticns are alsc <on-
sidered. We discuss the electronic gg, factor and propose the value: ag,=
1.351 cm~! for 9Hg,

1. Introduction

In the preceding paper (part I) we have reported precise deter-
minations in the mercury atom of the Jevels, hyperfine structures
(for 199 and 201 isotopes) and isotope shifts (for the seven stable
isotopes) in the Gsnf (n <10, I =0-3) and &%*%p{6p") configurations.
We now present, in this part IT, an empirical study based on
these results yielding energy, hyperfine structure and isotope
shift parameters. The odd 6snp {(n =6-8), 6p° and &s5f configura-
tions are considered (§ 2), taking into account configuration inter-
action and second order hyperfine interaction effects. The even
6snd (n =6-8) configurations are studied in § 3 for the 199 and
201 isotopes by diagonalizing the total {fine + hyperfing) hamil-
tonian, but neglecting configuration interaction. The 6sns (n =
7-10) configurations are considered in § 4. In § 5 we discuss the
electronic ag, factor, comparing it with previous works.

2. Odd configurations

An empirical interpretation has been made, following the method
described by Racah [1]. The calculations were made on the Orsay
University’s Univac 1110 by use of computer codes [2] developed
in our laboratory. The configurations and interactions included
in the calculations are shown in Tabie 1. QOur calculation extends
the work of Martin et al, [3] by adding the 6s8p configuration.
In Tabie I the obtained values of the parameters and of the
standard errors are given, along with the results from ref. [3]
{which are displayed under the heading MST). In the 6s6p con-
figuration, we assume, followirg King and Van VYleck {4], Lurio
[5] and Martin et al. [3), that the spin-orbit constant {, in the
off-diagonal element between 2P, and P, is 4 times what it is
in the diagonal elements for the P levels. Parameters without

Table I. Parameter values for odd configurations (in cm~*)

Fitted
Configuration Parameter MST This work
544656 A 43 5744350
G sp) 19 143+ 243 19 1531 =198
Lo 428875 424361
AL, 31528 +410 34172337
3d\%s7p A 7091842
G{sp} 1310 21252179
£, 877573 789+ 77
3d'%6s8p A 76818 +42
Gsp) 400+ 170
& 250+ 30
5d965%6p A 87 754 + 452
F*(dp) 14 5254525 13 435+647
GYdp) 4830+130 4865159
Gdp) 4 606 7429+1028
Gq §004+41 6132437
&y 4894576 5093493
Sd¥®6s3f A 77 2404133
G 7 7
£ 0 0
Cl 6p-6p”  Rdpsp) -5 000 -2 000
Ri(dpps) -9 000 -9 000
Tp-68p"  R¥dpsp) —4 084 -3 68C
R'(dpps) -4 084 -3 680
Bp-~6p°  R*{dpsp) 2 000
RY(dpps) 2000
62~T0  Capap 1700 1823
6p=8p 4p.5p 1046
Tp—38p ip.5p 449
Gp5f  R¥{dfsp) 550 530
R¥dfps) 382 382

standard errors in Table I were fixed, except for the (. .0
{6 <n<n’<8§) configuration interaction spin-orbit parameic: .
which were determined by: {nonp = (Gnplap)t. Several values of
these fixed parameters were tried around values suggested by ibe
work of Martin et al.

The calculated energies, ¢ factors and compositions {in per-
cents) are given in Table II.

By making use of the obtained empirical wave functions the
{200-202) isotope shifts were interpreted. If the composition of
one level, as read in the last column of Table 1L, is 2, ; Cy, then
we assumed (sharing rule) that the isotope shift of this level was
e %8(1.8.); where (1.8.), is “‘the isotope shift of the C, pure con-
figuration”. These (1.8.), parameters were obtained (Table III)
by a least squares fit from the experimental values. The isotope
shifts calculated from these (1.8.); are given in Table IV and
compared with the observed values.
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Table 11, Calculated levels, g values and composition for odd configurations

VYalue in parentheses oot inciuded in the fit

Observed Calculated
ievel level o-C Chbserved Caleulated
J Designation (em=4) (cm~t) (cm~?) g, & Composition (%)
"] 6p P 37 685 37 686 -1 99
Tp 3P 89 518 6% 469 47 99
3p P 76 447 76 444 3 99
6p” 3P 90 379 g9
1 ép 3P 394{2 39411 1 1.486 1.485 57 3 6p P
ip 54 069 54 068 Q 1.016 1.017 93 4 6p’iP 3 6p P
7p AP 69 662 69 717 - 56 1.468 93 & Tp P 1 6p P
p 71285 71 281 3 1.031 50 5 7p 3P 3 6p’tP
8p P 76 467 76 470 ~3 1.403 30 19 8p ‘P
tp 76 863 76 862 1 1.099 76 i3 8p P 2 6p° P
6p’ 3P 78 813 79 701 (=~ 888) 1.210 1.226 36 30 &piP 13 6p’3D
tp 38 760 38 760 0 0.904 61 27 6p’iD 8 6p’ P
ip 93 7137 93 738 -1 0.865 39 32 6p’ 3P 9 6p°tP
2 6p P 44 043 44 043 -0 1.500 1.500 99 | 6p° %P
6p’ 3P 68 886 68 973 - 33 1.430 55 27 Tp P {4 5p'3D
7p P 71207 71 169 38 1.458 13 16 6p’ 3P 7 6p 3D
8p 3P 76 823 76 825 -1 1.491 93 1 6p° D 1 6p°3D
S5F3F 77 237 77237 -G 0.667 100
sp' b 78 676 78 619 57 117 1116 45 22 6p’ 3P 19 8p°3D
F 85451 0.749 5 24 6p’iD
D 94 914 1.0990 33 26 6p’'D {1 6p'°F
3 G’ 38 70932 70 887 43 1.087 1.087 52 32 Gp'iE 16 6p°3D
3f 3F 77239 77 240 -1 1,083 100
\F 77 241 77 241 -G 1.000 100
§p' 3D 30 128 80 192 - 64 1.254 76 23 6p’tF t 6p’°F
o 93 716 1.066 47 45 &g’ iF 8 5p’ 3D
4 G F 76 945 76924 21 {.250 36 {4 3f 3F
5F 3F T 237 77 289 -2 1.250 36 14 6p’3F

Table I11, 200-202 isotope shifts for pure configurations (10-3 cm*)

Table V, 9015y hyperfine structure parameters (1073 cm—1)

Configuration Isotope shift Configuration Parameter 1%Hg Ly
&s6p 1%3 6s6p Q63 121657 —472420
o T L
e ap Tt
ds% 25144 .
i &sTp [-TH 1346+35 —496+720
6s5f 16%3 arp 1418 ~0+6
bap —-{2+169
6s8p [ 2 1324481 ~ 454 +28
, . . , ¢ fixed 0 fixed
Table IV, 200-202 isotope shifts for odd configurations: observed j:z e 34168
and caleulated values Ahsta(6p") agy 44529 —247
(200-202) isotope shift (10 cm™Y) P4 20 fixed o e
2 i p m bey ~ 104+ 146
~78+177
Tevels Observed Calculated O~C ° N
6sSf déa 12914100 —5054-36
6s6p 3Py 2.1 1.9 0.2
3Py 1.0 2.2 ~- 1.2
2pg 0. 3.4 - 34 . : :
1p9 15.6 1.2 4.4 The hyperfine structures were interpreted in terms of the
(d®sp)6p” 1PY 1759 187.5 ~11.6 hyperfine parameters [€]:
657p "P‘g’ 6.9 15.0 -~ 1.4 ‘6
ap? 17.7 18.8 - Li T 2
ap 95.2 80.1 15,3 s = — U il )] W0 |
1pi 222 284 - 6.2
[ -
Gy 1K i s o3 G = 2t s ped DY~y (10)
i Jatanrs AN - .
R 25.0 27.0 - 20 b,=e00"% (I=0)
1p 423 32.8 5.5 m=e0Q M
(493"1’)5!":*"‘5 227.3 119.6 7.7 where u,;// is the nuclear g factor and @ the nuclear electric-
6% ag., g;’ ;gi - }? guadrupole moment. These parameters were taken to be different
1g0 15.3 16.3 - 10 in various configurations and the obtained values are given in
. :F‘Z 50.7 43.1 2.6 Table V. The experimental hyperfine structure values were
@ "f’)gf;, By 243.3 o2 - 29 cortected for 2nd order effects, the so-called interaction between
; 241,
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Table VI. W99 e 4 and B foctors: observed vaiues, values corrected for 2nd order effects, and calculated values ({1073 ¢cm™Y)
Values in parentheses not included in the fit
W0H g A factor W1 g: A factor Wife: B factor
Corrected Corrected Corrected
for 2nd for 2nd for 2a0d
Leveals Obs. order Cale. Cosr.—cale.  Obs. order Cale. Corr,~caic.  Obs. order Calc. Corr.~tale.
6s6p 3py 492.1 492.2 479.0 13.2 - 1818 —-181.9 -177.0 -4.9 -9.3 -9.3 - 3.6 —-3.6
3py 302.4 302.4 3244 -22.0 —-111.8 -111.8 - 20,0 3.2 133 13.3 12.2 1.1
P ~119.6 -11%.6 -112.3 -7.1 d,2 44,2 41,6 2.6 1.9 7.9 11.0 -3.1
{d%s¥p)6po’ 3P 1194 1194 ji0.2 9.1 -d4.2 —d44.2 —43.8 —-0.4 ~9.6 -9.4 -12.8 3.0
8s7p P 5413 542.6 534.0 8.6  —2I00.8 -2006 —196.7 -39 -17 =03 -09  -00
spd 229.9 228.8 2540 -25.2 844  —845  ~947 10.1 -39 -32 —-40 =12
Py —1833 -187.2 - 182.3 -4.4 §9.5 §9.2 67.2 1.0 1.6 1.8 1.8 0.0
6s8p o 462.3 4731 §32.8 (=159.7 - 175.6 ~174.2 -236.1 (61.9) - 5.4 0.6 ol 0.5
2Py 328.8 325.0 325.1 -~ -120.7 —i21.3 —-121.4 0.1 2.6 -1.5 -1.0 -0.4
Py - 30.0 —3§6.3 -238.% (202.6) 31.8 31.1 107.5 {—76.4) -0.3 0.4 —-0.5 0.8
(d®s¥p)6p’ 3FY 43.0 42.9 41.6 1.2 - 153 “-15.8 -17.3 2.0 —-13.4 —-13.4 -12.3 =-1.2
6s5F I 2650 -210.7 -214.8 4.1 76.7 84.9 84.0 0.9 14.8 -13.4 -~{.0 - 134
IFY ~134.6 = 1333 1.1 (= 184.4) 55.5 38.8 - 20.0 {78.8) ~-16,2 102.1 =0.0 102.1
FY 178.9 198.3 2.7 (195.8) =795 ~76.6 -1.1 (=155 - 36.1 - 86.0 0.0 -~3$6.0
1Y 47,1 148.8 142.7 5.1 - 33.3 -330 - 36.1 1.0 —-6.6 -2.5 -19 -0.6
(@5%p)6p" 1DY 45.8 ~-117 =27 =163 -4.7 -242 =232 -135 0 =07
6p° 1Py 103.4

method of Weoodgate (ref. 7], equation {B3), p. 144; the perturbing
levels being those in Tabie II). The parameters were obtained by
a least squares fit from the A and B [actors so corrected for 2ad
order effects. In Table VI we give, for each level, the cobserved
value, the vaiue corrected for 2nd order effects, and the calculated
value of the 4 and B factors for **Hg and **'Hg.

3. Gsnd (n =6-8) configurations

Since the work of Schiiler and Jones (8] it has been recognized
that the fine and hyperfine structures in the 6snd configurations
are of the same order of magnitude. We carried out an empirical
study by diagonalizing the total (fine +hyperfine) hamiitonian.
No configuration interaction was included. The obtained para-
meters are given in Table VIL. As in the odd cenfigurations, a
spin-orbit 4 parameter was introduced (A turns out to be about
0.64 for the three 6snd configurations). We also introduced a
hyperfine parameter, ag, =ag, +3as, in the off-diagonal matrix
element betwesn 1D, and %D, differing from the diagonal *D
hyperfine ae, parameter. Following the notation of Kluge and
Sauter [9] we have a;=A,a, with A, <1 (4, =0.9921 for the 6s6d
configurations in agreement with the work of Huet [10, 11]).
In the simple Hartree-Fock method, 2, is interpreted as A =

0 W L0) where Wy, and ¥ are the 65 radial orbitals in
the 1D and *D terms respectively. This Hartree-Fock value is
AT =1 011 for the 6s64 configuration [12], so that our empirvical
value is not explained in this ab fmirio scheme. The standard
errors solely indicate the precision with which the equations ae
solved and do not take into account the experimental errors.

The value obtained for ay in the 6564 configuration (*“Hy)
is in good agreemment with the valuss previously cbtained by
Landais {13] ag ={ 334.7 £2.0) 10-* ¢m~! and by Chantepic
and Barrat [14] @g =(1 3349 £1.4) 16~* cm~L,

4. 6sns configurations (n =7-10)

Values for the hyperfine parameters as, +an, (n=7-10) were
extracted by neglecting configuration interaction (but by taking
into account off-diagonal matrix elements of the hyperfine hamil-
tonian). The results are given in Table YIII.

5. Discussion of results

We discuss the various ag, values obtained for **Hg in the pre-
ceding empirical study. This will tell us how far we can trust the
obtained wavefunctions. We then propose a value for aa;.

Table VII. Parameter values and standard errors for 6snd configurations (10-* em=?)

Configurations

IQSHg EDIHg

Parameters 6s6d 657d 6584 és6d 6s7d

W~ (2/5)G%sd) 38 055.5+0.5 42165.0+0.2 30 266.2+0.3 38 056.7+0.7 42 169.7+0.6

4 38 062.04+0.2 17 969.7-0.1 9 553,501 330617502 17 969.3+0.2

Ay 24 5326502 11 691.750.1 §104.2+0.3 24 §32.0£0.2 11 6894504

s 1334.840.8 1344.6+0.2 13471404 ~453.6=0.4 ~497.9+0.4
Sag, - 122510 -9.0+0.3 -3.6=0.8 3.9+0.6 2.3+0.6
g 0.65+0.10 0.14+0.02 0 fixed —~0.14+0.06 0.005 = 0.061
bng 1.2+0.8 1.1+90.7

FPhvsica Scripra 13



176 5. Gerstenkorn et al.

Table VIII, Values of (as, +a,,) (1073 cm=Y) and of (104nd) dn.fdn
for Gsns configurations

Configurations “Hg yg (1%{nd)dn,fdn
6sTs 1434.00 - $§30,25+0.07 34.2
6585 1378.20 —309.61+0.04 27.9
6598 1364.]19 —-502.5+3.0 12.6
6s10s 1355.93 6.7

Table IX. Recapitulation of a, values {(10-* em~1) for W Hg

Qdd Even

configurations [:P configurations gy

6s6p 1 276+ 57 6s6d 1 334.8+0.8
Tp 1345+ 55 Td 1344.640.2
3p 1 324+381 84 1343.1+0.4
Sf 12914100 44'%s (Hg II) 1351.177245 ..

14

As seen from Table IX the aq values from the odd configura-
tons (6snp and 6s3f) have relative errors (3-8 9%) which are large
compared to the errors of the hyperfine measurements (ses
Tabie V in the preceding paper (Part [)). We can put the blame
on our wavefunctions. However the treatment of the odd con-
figurations presented in our study, which takes into account the
copfiguration interactions and the second-order hyperfine correc-
tion {rom the near configurations, is nevertheless an improve-
ment on earlier weatments, For example, the result obrained by
Smith [15] age =1 166.4 12 mK from the hyperiine levels of the
6s6p is in reality 209% too small, On the contracy the ag values
from the &snd {n=6-8) configurations (Table IX) vary slowly
with », and the error (of the order of 0.1%) is now about equal
to the measurements of the hyperfine structures. The authors of
the studies (10, 11, 13] and [14] were also interested in the deter-
mination of @y, from the 6564 configuration. Our values are very
near to theirs.

mK

ns? /

(a65+ ans)

1434

1364 4
{1 3?15.5&? 4
{1/n3). (dn, /dn)

_-—__"_'m—____
1340 \
1337 1 wCong

n:8 a7 n=g

Fig. 1. (a) Determination of g, for 1**Hg by extrapolation of the 6sns seres.
(b) Determination of 4g, for ¥9Hg by sxtrapolation of the Gsnd series.
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The ag, values of Table IX from the 6sad configuration do not
agree with the extremely accurate value ag, =1 351.1772 mK (16]
obtained from the ground state of Hg II (4% *5,). However, by
extrapoiating the 6sns and 6snd series to n—~oo it is possible to
obtain limiting values for the ag, electronic factor. The graphs of
the A(*Sy) =(ag; +an,) factor versus Z,Z5ind(dm/dn) (which is
proportional to | ¥,,(0){* accordicg to the Goudsmit-Fermi-
Segré formula [17]) and of 6A(CD,) =ags + 3angse (Where angsis =
24a,4/35) versus the i, spin-orbit parameter are pletted in Fig, |
from Tables VII and VIII. The limit n—oo gives the ag, values
13504 and | 352 mK respectively, in agreement with the value
from Hg II. We thus adopt the value g = { 351 mK. This value
is rather different from the ones obtained in the 6snd {1 =6-8)
¢configurations, so the a, (I=:0) parameters which have values of
some miK, cannot be expected to be realistic.

6. Counclusion

The interpretation of the measured hyperfine structures of the
levels in the odd configurations (6sap (n =6-3) and 6s3/) though
not entirely satisfactory, improves former sudies. The situation
is much better for the even coonfigurations (6sns (n =7-10) and
6snd (n = 6-3)) where it was possible to derermine a correet vaiue
for the ag, electronic parameter, which agrees with the value from
the 25, ground state of the mercury ion. However, in the case of
the sven 6snd configurations some anomalies remain unexplained,
such as the anomazlous vaiue of 4, (less than 1) and the inverted
fine structure, which perhaps might be explained by a relativiszic
calculation using the central field approximation as in the inter-
pretation of the inverted fine structure of the nD levels of sodium
by Luc-Koenig [18].
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Calculation of hyperfine-structure second-order effects
on the isotope shifts in Sm 1
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Received 31 October 1977

Abstract. Contributions of the isotope shifts due to the second order of the hyperfine-
structurg interaction in the subconfigurations {* 'F sp and 1% (*H-°F) ds* of Sm1 nave
been calculated. These shifts for *** **°Sm are smailer than 01 x 10~ %em ¢,

The fact that the dipole part
ML =27 NG}

(1 is the spin of nucleus, u/I is the nuclear g factor and T is the electronic operator)
of the hyperfine-structure (HFS) operator can produce isotope shifts in odd isotopes
has been recognised since the work of Schiiler and Jones (1932} on Hg 1 (see also
Gerstenkorn et al 1977). The isotope shift of a tevel {«J) for an odd isotope is
measured by a weighted average on the jaJF) sublevels (F = I + J). The second-order
correction to the energy E,;ry of the state |«JIFM) due to the HFs operator {1)
is given by

. KaJIFMMI JTF M2

a'J'F EchFM - E:’J‘IF'M

{2}

Neglecting the dependence of E sy 00 F and M in the denominators of equation
(2). the average on FM of (2), which is given by the formulae of Woodgate (1966),
has the form of the product of [{I + 1)//]u? by a purely electronic quantity,

If such second-order effects were strong enough, the points involving odd isotopes
in a King plot would not lie on the straight line determined by the even isotopes.
The King piots published by Hansen er al (1967) concern five optical transitions
of Sm 1 (even isotopes: 144-154; odd isotopes: 147 and 149) and of Nd 1 (even
1sotopes: 142-150; odd isotopes: 143 and 145). Some of the points for odd isotopes
seem to lie slightly off the straight lines, corresponding to contributions to the line
shifts smaller than 107% em™!. Since this value is also of the order of magnitude
of the experimental errors for odd isotopes, it seemed worthwhile to calculate the
second-order effects of the HFs operator on the isotope shifts.

This calculation has been made for '*’Sm (f = 7) and for '**Sm (I = §), for
the 127 levels in the subconfigurations * "F sp, f° °H ds® and f* SF ds®, using
the intermediate-coupling wavefunctions of the empirical interpretation of Carlier
et al (1968). The perturbing levels in equation (2) were taken to be the levels in

L1
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Table 1. Parameters of the 9Fs operator

Paramelers Values {au)
o 70
(f-3>(1014r -0216°
<"'3>eoz>4( 6:38°
<""S>uzsar 630°
<"'-3>(I.0I5p —{-14°
<"'-J>[01)6p 4147
LCRRD RPN 365°
<"'3>(xomr' o

Y omnac 7-d44¢
D anar 7-44¢
<""3>no;sn 0

{r 084 2:82¢
<-"-!>(12:5<| 2:82¢

"From the interpolation of the ug, values in , Pm u {Reader 1966) and 4;Eu u {Krebs
and Winkler 1960) multiptied by (W4,(0) Sm (/'¥4,{0) Sm 11)* with the Hartree~Fock values
for We,f0): 797 au for Sm rand 7-19 au for Sm 1% "F (sp),,.

® Childs and Goodman (1972,

“From the spin-orbit coupiing sonstant [;, = 1219em ™" (Cariier 2 af 1968) using
the method described in Bordarier ef af (1963 p 37).

* Hartree~Fock values for {% (SF-"H),, s*c.

these subconfigurations. The energy-difference denominators {as in squation (2)) were
given the experimental values, whenever they were known and otherwise the theoreti-
cal values. The operator T in equation (1) was expressed in terms of the parameters
listed in table |

T = 2pfx ,Z (r 10655 + T a0arsi F D00k + ™ analt+ 00
4 .

where f and fy are the Bohr and nuclear magnetons, Vi) = -\/1’6{scz}<,,9, the
sum on j is over the electrons, s acts only between 6s orbitals, s', { and ¥ between
4f orbitals.

In table 2, we give the results obtained for the levels having an absolute value
of the shift divided by x? larger than 10”7 cm ™.

These shifts are very small (less than 01 x 1073 em™") and presently beyond
experimental reach. In each shift the main contribution is due to the 6s electrons,
as can be seen by comparing columns 1 and 2 {column | is for a calculation in
which all parameters are zero, except {r~>Y(06,). The differences between columns
1 and 2 are due to the 4f electrons. The 6p electrons and the 4f and 5d electrons
(in  s*d) have a negligible influence.

The second-order effect due to the quadrupole interaction, calculated in the same
way, was found to be negligible. The lines of Sm 1 studied by Hansen et al (1967)
are between some of the levels studied here and levels in the term ¢ 7F s2 Since
the contact part of the HFs operator for the 6s electron does not contribute within
the f* s* configuration, the deviations of the isotope line shifts can be attributed
to the second-order shifts of the higher levels. These levels. having very small sccond-
order shifts. do not appear in table 2 except for the *F, level. In view of our results,
even with increased experimental accuracy, deviations from straight lines in the King
plots would be difficult to observe for these lines.
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Table 2. Isotope shiflts due to the second order of the wFs interaction in '*'Sm and
1499m, Column 1 is with the parameter {r™ > mg, Only and column 2 is with all par-
ameters. To obtain the shifts in 107% cm ™' the values are to be muitiplied by u?, with
4 expressed in nuclear magnelons: py4p = —080 and py4e = —0:67 (Woodgate 1566).

Shift/u* (107% ¢cm ™)

J Eep Name | 2
0 13796:36 G - -1
17810-85 Tpe 9 2
18309-02 (SHYF 0 -2
! 14863-85 F -1 -1
16112:33 D -2 -2
16690-76 frl 12 3
1776971 e -3 -1
18985-70 F 0 -1
2 1611642 Gh {
16681-74 o -1 -3
17190+19 TEe -2 -1
18075-67 {HY'Y -1 -1
19009-52 UG t {
3 1530735 D -1 -1
1724353 ‘D 1 )
18209:04 G 2 ]
1921009 (SHYH 3 3
2045930 'F 2 1
4 1613154 D -1 -1
19151-64 Ee -2 -2
2016300 (*H)'F 4 4
5 16859-31 D -1 -1
1926463 ‘Do 3 3
2015347 Tga -4 -4
6 19254-29 G0 -1 -3
19005-65 F -2 -2

The second-order effects studied here were limited to perturbations by near levels
(and also within two configurations) and so the larger shifts are obtained for levels
close to one another, for example 16690-76 (J = 1) and 1668174 (J = 2). Perturba-
tions due to far-lying levels, which are somewhat tricky to calculate because of the
8(r) singularity in the contact HFS operator (a singularity which is removed by consi-
dering a nucleus with fnite size), might alter the conclusions of this letter.

The author gratefully acknowledges the interest of J Bauche who suggested the prob-
lemn.
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Generating functions for the coupling—recoupling coefficients
of SU(2)
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Abstract. A general formuia for the generating [unction of an arbitrary coupiing-re-
coupling coefficient of SU(2) is derived via the Bargmann formalism and graphical caleula-
tions, The result is expressed in terms of sums over two finite sets only of subgraphs of the
Jucys graph of the coefficient. A new explicit expressioa for the coefficient is obtained.

Index of notations

We give the main notations and the paragraphs in which they are defined.

1 CRC: coupling—recoupling coefficient

§2: G: Jucys graph
ki, k;, Ag: [indices; t;, &;, n;: corresponding variables
L={l,...,1,) array of the ng ! indices of a CRC

Egisetofall L

G = Gj,..: value of the CRC

N : normalization constant equation (1)
@, : generating function

§4: {(ab): branch
fa...z),]a... 2] etc: paths
(a...z): circuit

B(D): set of the elements of diagram D
Kg, Qg sets of closed and open diagrams of G
2, Dy, By, Ry, Fg, Fo, Hg, Hz, Q : sets of diagrams
§5: M(D), «(D), L(D}, I{D}: functions of diagram D
§7: a, B, B: sets of branches
a, b, ¢, d, f: matrices
v, w: vectors {4t number
§8.1: ={C): function of circuit C
§8.2: Siks Sixe Rexy Fg. U, sets of diagrams
w,, w;: sets of subscripts,

1. Introduction

A coupling-recoupling coeflicient {Crc) of SU(2) is most easily described by its Jucys
graph (Jucys and Bandzaitis 1965, El Baz 1969, Bordarier 1970). Generating functions

1543
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for the 3j, 6/ and 9j coefiicients were obtained by Schwinger (1952, see also Biedenharn
and Van Dam 1965 pp 229-79) in a creation and annihilation operator approach. [n a
treatment of the SU(2) group based on entire function spaces Bargmann (1962, see also
Biedenharn and Van Dam 19635, pp 300-16) obtained generating functions For‘, the 3j
and 6f coefficients. Generating functions for some other ¢RC were derived in the Barg-
mann scheme: by Wu (1972) for the 9j and by Huang and Wu (1974) for the 12 and 15]
coefficients.

In this paper a general formula for the generating function of an arbitrary cr¢ is
derived. For a Jucys graph G we define the generating function of the CrC it represents
(§2). The significance of graph G is made clear in §3. We introduce certain graphs
drawn on G that we call diagrams of G (§4). A monomial M(D) is defined (§ 3) for every
diagram D of graph G. The final formula for the generating function is expressed in
terms of the sums of M(D) over two finite sets of diagrams of G.

At first, we use the method Bargmann (1962, see also Biedenham and Van Dam
1965, pp 300-16) used to obtain the generating function of the 6 coefficient. A general
CRC is obtained essentially from 3/ coefficients by summations on projection quantum
numbers. {ts generating function is expressed in terms of inregrals of a product of
gereraung functions of 3j coefficients. An algebraic expression for the generating func-
tion is then obtained (§ 7) by carrying out the integrations. At this point there is a siight
difference from Bargmana’s method: here all the integrations are carried out at one stroke
whereas in Bargmann (1962, see also Biedenharn and Van Dam 1965, pp 300~16), Wu
{1972) and Huang and Wu (1974) the integrations are carried out in several steps.

In§ 8 the algebraic expression is transcribed in terms of sumns over generally infinite
sets of diagrams and these sums are reduced. The final formula ordy contains finite sums.

The usefulness of the generating functions is illustrated in §9 where an explicit
formula for an arbitrary crc is extracted and in § 10 where an example of recursion
refations is given. Also in §9 we prove that the symmetries of the 3/, 6j and 9j coefficients
induced by invertible linear transformations on the j of the coefficients, are the known
symmetries of the coefficients.

2. Definition of the generating function @

Inthis section we definea number ofnotations, most of which are adopted from Bargmann
{1962, see also Biedenharn and Van Dam 1965, pp 300-16), and the generating function
®; of a Jucys graph G.

We utilize Jucys graphs with only two types of free branches (co- and contravariant)
and one kind of vertex. The diode symbols represent 2jm coefficients. For the sake of
simplicity we shall assume most of the time that the graphs do not contain diode symbols,

A Jucys graph G is made up of a vertices, b free branches and ¢ bound branches.
Here G is considered as 2 structure, not assigning peculiar values o the j and m. For
every vertex v, where three branches j,, j; and j; meet, we define:

Jo =i +j2+is ki = J.—2j; (I<i<3)

Wecall k,, k;, k5 the ] indices of vertex v. The triangle condition (J,, j,. j;) is equivalent
to the condition: k;e N (1 < i < 3) (N is the set of non-negative integers). For every
free branch {j, m) we define x = j + m, i = j—m that we call the | indices of the free
branch. The condition m projection of jis equivalent to ke N, ie N. We arrange the
[ indices of the vertices and free branches as an ordered set L = (i ly, . L) with



Generating functions for the CRC of SU(Z) 1343

ng = 3a+2b. When the j and m take all possible values compatible with triangle and
projection conditions, L runs on a subset £ of N" {the ! indices are not independent:
to every bound branch j, corresponds the relation k, +ky = k5 +k) (=2/,), to every
free branch (j,, m,) therelation k, A, = ky+k;(=2j,)). Forevery L € E5, correspond-
ing to particular values of j and m, we denote the value of the crRC by G or by G p, ..
and we define 4 normalization constant

1/2

where the product runs over the vertices of G and [L!} = [|!L1. . L.
We now define the generating function @4 of graph G as an entire function of
T= (11,77, T ) €L DY
ED(;, = Z 1VLGLf[L}, (2)
LzEs
where tit! = tlzf 2l We say that 7, is the variable corresponding to the [ index /.
[nstead of t,, we shall often use the notation £; oc¢ #; corresponding respectively o
! indices of the type « or 4.

3. Elementary operations on graphs and generating functions

The graphs of the 3/ coefficient (/! /2 /%) and of the 2jm coefficient & ; 8, are represented
on the left of figures 1 and 2. Their generating functions are known and will be given in
$6. The most general crRC is obtained from 3/ and 2/m coefficients by carrying out a
sequence of elementary operations: product, change of type of an index (co- and contra-
variant), permutation of j and summation on m. In terms of graphs these operations
are: union of graphs, changes of the type of a free branch and sign of a vertex, connecting
of two free branches. When these elementary operations {to which we add the change of
direction of a free branch) are made on Jucys graphs, the generating functions transform

in a definite way that we now describe in detail.

;o AN N/
] /1\/.1 my I )
bwma m A Y
":1’?:53 ~-f1fa’73 _'C"':’ "?’,‘T[’
Figure 1. The graph, two open diagrams and ther  Figure 2. The graph, two open diagrams and their
associated monomials for the 3j coefiicient. associated monomials for the 2/m coefficient.

3.1. Product

To the product of two CRC of graphs G' and G” corresponds the union of the graphs
G = G« G” and the product of the generating functions @; = ¢, Pg..

3.2. Types of a free branch

crC with co- and contravariant indices are described by graphs with two types of free
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branches (figure 3, where, as in the foilowing, we represent part of the graph as a box).
The generating function of G is denoted by @g{¢, 1, 15), where, as in the following, the
variables 75 correspond to the [ indices Ly of part B of the graph and the first variables
correspond to the ! indices of part G~ B (here the variables &, 5 correspond to the |
indices of the free branch «,4). Graphs G and G of figure 3 are related by

4

Gl = (= 1Y7"G;_,,  or.in terms of { indices G, = (=D, We then have:
Gl 0, ) = Qs -7 &, ')

L Jm

s 0 | g &

| L

e

A

Figure 3. Change of the type of a free branch.

2.3, Sign of a vertex

At each vertex the branches are ordered but for a cyclic permutation. This order is
indicated by a + or — sign. For the graphs in figure 4 we have

4 = (- |Vt "o
G:‘szja--- - ( 1)J G;uz.u---

or

‘ ki bk tk
PR el U i CA

and
d)G'(T’I y TE ' rIS H r:ﬁ) = (DG( - T‘l s f}. ’ “TB l rfB)v

where the variables 1, 1), 73 correspond to the [ indices k,, k,, k, of the vertex.

/a &

jz + j2 —
8 a & Y
G G’

Figure 4. Change of the sign of a vertex.

3.4. Contraction

For the CRC Gy jome.. (figure 5) the contraction on the co- and contravariant indices
m’ and m" is made when /' = " by summing over »' = m". Graph G corresponds to the

definition;

G, = Z Clm o, = Z G Oyram G;c‘i'x"l"l.g’
o

i
B | j'nY & /
s
G’ G

Figure 5. Contraction.
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where the second sum is over L' = («', A, k", A", Lg) € E;- with given Ly, The cor-
responding graph G is also given in figure 5. Since N = (141”1 A" V2N, the
generating function of G is obtained rom the series expansion of ®g{<', 7, &% 1", 14)

2tk zaR”

by replacing & 7% & "% by &' 4’1 §- 054~ Remarking that
U S e = [ 37 0 Qi@ et

(where for z = x + iy, T= x—iy du,(2) = 1"t e F dxdy is integrated over R?) the
generating function @; can be expressed as:

Ples) = f O (&7, & 1, t5) dinn() dusyln)

3.5, Direcrion of a bound branch

From the definition of contraction, for two CRC represented by graphs G and G' {figure 6)
differing by the direction of branch j, we have

Ghipnisn = (=176 s
Qr
r k1 + k
Gk;k;kﬂ.a = (— Ly ]Gk1k1k3La
and
Bt 5. 75, T8 = Dlty, — 15, — 713, T)
e A Ja
P Iz 8 laj
‘___.j_Yj‘ 4
G e

Figure 6. Change of the direction of a bound branch.

Likewise, changing the direction of the diode symbol in the 2jm coefficient {figure 2)
gives a factor (—1)*/ and a similar relation between generating functions.

4. Diagrams

This paragraph is devoted to the definition of certain graphs drawn on the Jucys graph.
For a Jucys graph G we denote by g, b. .. the vertices, by (ab), or {ba), withs=1,...n
the nbranches(n < 3)connecting aand b. A passage at vertex bis defined as the ordered
set of two different branches ¢ = (ab), and ¢ = (bc), which are linked at vertex b.
We represent it by l¢ @[ or Ja b cf, where to simplify notations subscripts s and s are
not expressed. Similarly, from now on, branch (ab), will be denoted by {ab), omitting
subscript s. Branch ¢ {or ¢") and passage ¢ @7 are said to be connected. A path is an
ordered sequence of alternating branches and passages connected one to the following.

Example: ¢ = (ab), 1o ¢, ¢" = (bc), 1¢'9"(, §” = (ca).
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This path is represented by [ab cdlor fp b ¢ ¢"). The direcrion of the path on branch ¢’
is the one from & to ¢. The extremities of {¢p b ¢ ¢"] are branches ¢ and ¢°. We use the
notations Jabcdi or j¢ b e ¢"} 10 represent the path obtained from the preceding one
by siriking out branch ¢, and similarly [¢dc @[, 1o bc @"[ etc. Paths [¢pb... .z ¢"]
and {¢" z... b ¢] are said to be reversed. A free parh is a path whose extremities are fres
pranches. A direcred circuit is an ordered cycle of alternating branches and passages
connected one to the following.

Example: ¢ = (ab), ]¢ ¢, ¢" = (be), 1¢'"[, ¢" = {ca) 19", ¢[.

This circuit is represented by (a b ¢ ot (b ¢ @) or (¢ a &) (this notation causes no confusion
with that for branches). A m circuir is a circuit that can be separated into n identical
circuits {n > 1) {example: (ab ab)). A circuit which is not a = circuit is called non-m.
Circuits (a b¢) and (¢ b a) are said to be reversed . they both represent the same non-
direcred circuit. A set D of paths P, P, ... and circuits C,, C,... (or: paths and non-
directed ¢ircuits) is called a direcred (or: non-directed) diagram and it will be represented
graphically on graph G by thick lines with direcrions indicated if necessary by arrows.
We say that diagram D is composed of paths P,. P, . . and circuits £,,C;.... The
passages and branches of a diagram D, each passage or branch being counted as many
times as it appears in D are called the elements of D. Their set will be denoted by 2(D).
A diagram the elements of which are not repeated 15 said to be simple. A closed diagram
is a simple diagram composed of n non-directed circuits (n = ). An open diagram is a
simple diagram composed of one freg path and of » non-directed circuits (7 = Q).

We define the following sets of diagrams of G, ¥ being a set of branches of &

2 = {diagrams of G};

Dy = {De P :some branches of ¥ appear in Z(D)}; &y = 2 —Dy;
Ry = {De D every branch of V appears exactly once in Z{D)};

= {closed diagrams};

Q¢ = {open diagrams};

Hg = {non-directed circuits};

H; = {non-directed, non-x circuits},

F; = {free paths};

F; = {free paths with different extremities} ;

Q¢ = {simple free paths}.

~
=
|

The sets K¢, Q¢ and @ are finite. The other sets are generaily infinite.

5. The function D — M{D)

In the following paragraphs, various algebraic expressions will be interpreted in terms
of diagrams by means of a monomial M(D) defined for every diagram D. If D is a
directed diagram we construct the monomial M{D) by multiplying the following factors
which are associated with various parts of D:

{a} For every [ree branch jm belonging to #(D}, of | indices x, 2 and corresponding
variables ¢, 5, we associate a factor given in figure 7 and depending on the type of the
branch and on the direction of the diagram on the branch.

{b) For every passage ]j, j,[ belonging to (D) (vertex v is connected to branches
JisJ2.J3s the [indices of v are k;, k,,k; and the corresponding variables t,,1,,14)
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(see figure 8) we associate the factor ¢y (or —1;) if the order of the branches at the vertex
8/, Jz20J3 (00 J2, fy o o)

{c) For every bound branch belonging to Z(D) (figure 9) we associate a factor —1
(or = 1) if the directions of the branch in D and G are identical (or opposite).

(d) Every time diagram D passes backwards through a diode symbol {figure 10)
we associate a factor — 1.

{¢) For every circuit in D we associate a factor — 1.

G —_J _ij
: |
e T = LB N
G -1 ¢ G & ~ts

Figure 7. Compuration of M(D1

T 3 = % =
L L W N S G
-1 L

 I—
G

Anrararerere—rt
G +1 -1
Figure 9. Computation of M(D). Figure 10. Computation of M{D}.
Remarks

(i) M(D) = M(D") if D" is the diagram obtained by reversing the direction of some.
circuits in D. Thus M(D) is also defined for non-directed diagrams.

(i) M(D") = —~M(D) if D" is obtained by reversing the direction of a path of D
whose extremities are bound branches.

(i) The monomial M{D) is transformed in the same way as the generating functions
in the elementary operations in §§ 3.2, 3.3 and 3.5 (diagram D remaining unchanged).

(iv) If diagram D is composed of diagrams D, and D, then M(D) = M(D)M(D,).
If diagrams D and D’ are composed of n and n’ circuits only and have the same set of
elements, then M(D) = (= 1)"""M(D").

v) In the following paragraphs, there occur infinite sums T M(D) and products
TI{1 + M(D)} over sets of diagrams like Hg, Hg and Fg. Since the number of diagrams
of these sets that have p elements’is an O(u?) for p — cc, the sums and products are
absolutely convergent for sufficiently small 7.

We also define the functions D — (D} into { =1, + 1}, D — {D)into N {1 € | < ng)
and D — L(D) = (L,(D), (DY, ..., 1, (D)) into N™ by setting M{(D) = (DR We
call L(D) the | indices of diagram D. In §9 it wili be shown that the [ indices of a diagram
composed of circuits and free paths can be interpreted as the ! indices of a CRC.

6. The generating functions for the 3j and 2jm coefficients

For the 3j (fgure 1) we denote the | indices by ky, k;, ks (vertex), «;, 4, (branch jm;
{ € 1< 3)and the corresponding variables by 7,, 15,13, $n e {l S I K 3. There are
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six open diagrams on the 3, two of which are drawn on figure . We have

ETI T3 fsi
z M(T) = “Efl S <3
TEQ;j F

iy M ’Tai

so that equation (3.21) in Bargmann (1962, see also Biedenharn and Van Dam 1963, p 310)
for the generating function of the 3 coefficient can be transcribed in terms of diagrams as

©y; = exp(-— ¥ M(T)). (3a)

TeQy;

The two open diagrams of the 2/m are given in figure 2, from which:

: (30)

Dy = XP(EY + 1) = exp( - T M(T)

Ty ,m

7. Algebraic expression of the generating function @

I this section we obtain an algebraic expression for the generating function @5 by
starting from the generating functions for the 3j and 2jm coefficients and carrying ou: a
sequence of elementary operations {§3). We represent (figure [1) graph & with its
bound branches { (I € i € n) and p free branches i’ (I £/ < p) of arbitrary types (not
represented), so that the box B contains only the vertices and diode symbols of the graph.

. =
j.—fN
LYY n
; RUBNE
4 ; < 8 L]
i j ;
—}_J/ i g
G c

Figure 11, Cbtainment of graph G by contractions on G,

G is obtained from G’ (figure 11) by n contractions, ie by connecting the free branches |
and i (1 € i < n) of graph G’ {elementary operation of § 3.4). Since G’ is obtained from
3i and 2jm coefficients by the elementary operations of §§ 3.1, 3.2 and 3.3, we get using
equations (3a, b) and remark (iil) of § 5:

Dy = exp( - TZ M(T)). {4)
NG’

There is either zero or one open path (denoted by [i k) starting from a given branch
i and ending at another given branch k in graph G'. We recall that the paths obtained
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by removing branch i and/or & from {1 k] are denoted by Ji k[, [i &[ and )i k}. If path
(i k] does not exist we put M([ik]) = 0. The branches i and k are taken from the sets
B=1{.23...n}, B={T33...4) and a={1"2. . p} We put for iefuf
jeBub ke lea

ay = M@ D), by = M(}i , b = Z bii, Cpj = Mk D,
lea
w; = Z Cejs dy = M([k 1) and fd} = Z dy.
kex kex
{ea
Let
£=(q"1v‘=2 5rn m1, f'.'i"’!ﬁ}, [I={§T)§§ fn:—nlv—}?l _nn)
and

z= (N2 e C1, 8.0 C)

be vectors of the space C**, where Z,, , are the variabies corresponding to the ! indices

ofthefresoranchic fu fiu. v = T wuiis thescalar product of u = {uy ... 1) C*7
and i’ = (u} ... us3,) e C*; ar is the vector with component i given by {ar); = L ayl.
We have ¢ = [T with

/= ( 0 ! 1,,)

-4, 10
and
> OM(T) = zat+zv+wie+ld = ¢ far+0 fo+w.t+d).
Tellg”

According to § 3.4 the generating function @ is obtained from equation (4) by:
O; = jexp{-f.fat—~f.fv—w.t-—|dl) dita,{1) (5

where du,,{t) = 172, dp,(r). The integral can be computed, for fa sufficiently small, by
the method of the appendix of Bargmann (1962, see also Biedenharn and Van Dam
1963, pp 315-6):

B = [det(l+ fa)] = explw. (I + fa) 7 fo~1d|]. {6)

8. Evaluation of the generating function in terms of closed and open diagrams

Most of the quantities in equation (6) were interpreted (§ 7) in terms of diagrams of G'.
In this section interpretations in terms of diagrams of G are obtained. We first trans-
form the determinant (§ 8.1} in equation (6), expressing it as a generaily infinite product
over the non-directed non-z circuits of G. With the aid of a formula in the appendix it
is reduced 1o an expression containing only a finite sum over the closed diagrams of G.
Similarty (§ 8.2) the exponent in equation (6} is shown to be minus the sum of M(T)
over the free paths T of G. It is then expressed in terms of finite sums only over the
closed and cpen diagrams of G. Some examples are considered in § 8.3.
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8.4. Transformation of determinant in equation (6}

Letting x = — fa we have

Indet(l —x) = Tr{in(l - x)] = Zx,,-&«ﬂrZrU i+ Zr,,tjkwc,“ T (7
where the sums are made on ie fu f, je fu B kefu B .... We now interpret equation
(7) in terms of diagrams of G. Forief, jefu f, we have x; = —q;;, x;; = 4;;, hence
g = M(P, x; = M(F,)), where F; is the path of G composed of branch i and path

Ji f{ {as defined in§ 7) and P, is the path of G composed of branch i and path Ji j{. Here
the paths lijl and Jij{ of & which are contained in box B {figure ! 1) are interpreted as
paths of G.

Every term of equation {7} is then of the form:

- Xl-jxjk e Xy = - .W{RJ)JW(PJ;J - .‘\/I(ij) = W(C)

where C is the circuit P, Py ... P, Conversely, let C be a noa-directed circuit of g
branches : if £ can be separated into nidentical non-n circuits S{n = 1 we set 7 CY = n.
Then M(C) = == MI(ST™. M(C)appears 2g/7{C) times in equation (7). So equation
(7Y is transcrived as & sum on the non-directzd circuits, and then on fhe non-directed

non-m Circuits:

Indet(i —x) = 2 Z M(CY={C Y TMS) = HM(S)? = HM(S) —
CsHg H
=2 T In(l +M(S).
Selg
Hence
2
det(l-=x) = | ] (1+M(S})) . . (8)
SeHs

From equation (A.5) (with V = £¥ {null set)} in the appendix the product in equation (8)
is expressed as a finite sum over the closed diagrams:

2
det(l + fa) = (1 + ) M{D}) . 9

DGKG

8.2. Transformation of the exponent in equation (5)

Expanding ( —x)™* in powers of x we get:

W,(l-—'x)—lfb‘ = chi{fb)ii+ Z Ckixij(fb)j! v Z CpiX i jm te (]O)
kil kiji Rijmi

where the sums are on kea, lea,iefuf, jefuf, meﬁu{? .. Forief,iex we

have (), = by, (fb)y = —by and then (fb)y = —M(Q,), (fb)y = —MI(Q,), where O

is the path of G composed of branch { and path Ji [} of G {now interpreted as of G) and
Q,, is the path of G composed of branch i and path Ji [].
Every term of equation {10) is then of the form:

X Sk SOy = = M(KIDMUP,) .. M(P,IM(Q,) = — M(T)

ki-¥ij

where T is the [ree path of G:[kif, F,... F,,,Q,. Conversely to every free path T of
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G there corresponds one term in equation (10}, if T passes over a bound branch of G, or
one term in ~|d| if T does not pass over a bound branch. The exponent in equation (6)
is thus expressed as a sum over the free paths:

wo(l+fa)" fo~ld = - 3 M(T). {11y
Tsfg .
If Tand 7" are reversed !ree paths that start and end on the same free branch. then by
§ 5, remark (i) M{T) = —M(T") so that the sum in equation {l1) can be limited to
TeFy.

We now define a procedure that decomposes every free path into a simple free path
and circuits. It will then be possible to simplify equation (11). We need some notations.

Let ¢ = {¢pruyuy ... up@,. 1€ @5 be a simple free path of p vertices. We introduce
the following two sets of labels occurring ine: w, = {1,2,...,p~1}, @, = w, v {p} and
we put @; = (u,_u)e #(r)for 2 < i p. For kew, let 5, be the set of paths of the
form [u,...z2u9,. [ that do not contain branches ¢; (1 < i< k) and §;, the set of
paths of S, that begin with branch ¢,., (so 5, = ). For k=w, let R, , be the set of
non-directed circuits that pass over branch ¢, ., exactly once and that do not contain
pranches @, (1 €1 < 4.

The procedure (?) is defined as follows. Let T = "V, g,a,...a,%,. 1€ F; be a frez
path of n vertices and whose extremities ¥, and ¥, | are different free branches. We
put ¥, = (g,_1a,)e B(T) (2 £ k < n). If Tis not simple let v be the first vertex in the
sequence a,a, ..., that appears at least twice, k and &’ the smallest and greatest num-
berssuchthat g, = g = v. Put 7" = [Wya, ... qap 4, ... Vs = F;and

. :
T" = {a@., . apWe o [

Then T can be reconstructed by inserting path T” into path T at vertex a,. Notice that
T*" does not pass on branches W, (1 € i € k) and that B(T) # B(THw B(T"}in general.
Repeating on T’ the same process as on 7T, and iterating we obtain uniguely determined
te Qg, w < w,and for ke w paths T, € 5,;.

Conversely let 1€ Qg, o < ] and for ke w’ paths T, &S, ,, then by inserting, for
every k in w’, path T, at vertex u, of r we obtain a [ree path Te Fj, which when decom-
posed by P gives back the same ¢, w" and T,. So the correspondence:

te Qg
TeFsa 0 & w (e)
T,eS (ke w)

1S 0ne-10-01e,

Let F{ be the set of paths T e Fj; such that in » every T, £ 5/ .

Ifinp foragivenk, T e§, — S thenitisof theform Ty = [, Zy\ys ... yoZitxdpeyl,
with identical first and last branches (1,2) and T, = {w,Zy, ... voy, Zu, [ is a path
of 5, —S;« that is different from T,. By replacing 7, by T in P we obtain T instead of
7, and from § 5, remark (it) M(T"} = — M(T}). Thus Zyr -, M{T) = 0.

If T e Fi; we pursue the decomposition further. For a given k, let r{k) be the number
of times branch ¢, , , appearsin T, € 5; , (r(k) = {). T, can be decomposed in an ordered
sequence CY,C%,..., Ck,, of circuits of R ;. Conversely let CY,C%,..., C¥, be an
ordered sequence of arbitrary length r(k) = 1 of circuits of R, ,. If C¥ = (w4, ... 2)
we define path Py = [uyey ... Zugdy . [. Then by joining paths P P;... Py we
obtain a path T, of & ;.
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In summary, the correspondence
1€ Qg

Tefg 2w <w,

CteR,, 1 <0< k), kew
is one-10-one, and
HE)
M(T) = M{t) ]_I ﬂ (=~ M(CH).
kew* i=

Putting X, = X ¢4, M(C), we have then:
Y MM =Y MO =X o+ X=X+ )

TeFs 1eQa kewe

from which:
MM =Y MO ] U+X0" 0 (12)
Tefe eQg kswe

From equation (A.3) in the appendix. since R,, = H. n #y n D, with
V=igs,.. 0 (V=g ifk=1 and W= {$y.,}
and putting U, = Ho A Gy~ Ty
T+ X = [] (1<MOC)

CEU:J,‘
Thesets (U, wiew, form a partition of H r @y, where W, is the set of the bound branches
of r. Equation (12) becomes:

Y M(T) = oM T =Myt

Tefg 1eQq CEH,’;/‘\QW:

[T o+MO)|™ 3 My 1 (+MmiC)).

CesHe ) teQg CeHan G,

And by equation (A.5) (used with V = ¢f and ¥V = W) in the appendix

Y M(T) = (1+ 3 M(D))ﬂ )y M(t)(1+ T M(D)

T'eFg DeKg 1€Q¢ DeKanBw,
~ 1
= (l-i- Z J'VI{D)) Z M(T), (13)
bDeKg Teflg

From equations (6), (9), {11) and (13) we obtain the final expression for the generating
function:

b, = Azexp( ~4 ¥ M(T)}
e (14)
A=1l1+ % M{D}) .

DeKg

The generating function @ is thus expressed in terms of the finite sums of M(D) over
the closed and open diagrams of G. In order to write @, explicitly one has to determine
the closed and open diagrams of graph G and compute the corresponding monomials
M(D) by the rules in § 5.
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8.3. Examples

For a 3nj coefficient, equation {14} simplifies to

(Dwﬁ(l-;- 5 M(D))--.

DGKJ,U;

The 6/ coefficient {{2:902/31 is represented by a tetrahedron (figure 12) with vertices

V.10 <7< 3); branch j (i < &) connects ¥, and V,; we label the { indices of vertex ¥, by
ki; (0 € j <3,/ # i) and the corresponding tweive variables by 1. There are seven

Tyataalaa T:3%02f31720
Figure 12. The graph, two closed dizgrams and their associaled monomials for the &
coefficient.

closed diagrams {which are simple circuits}: four circuits with three branches and
three circuits with four branches: one of each kind is drawn in figure 12, and the cor-
responding M(C) is given. From equation (14):

;= (14‘Tzofzofso'*T01fazfzx4'T32T01T134“733713703*‘f01f10T237324'T02f30f13f31
-2
+Tp3V30T1272¢)

which is equation (4.15) of Bargmann (1962, see aiso Biedenharn and Van Dam 1965,
p 313
The 9f coefficient

jl .’;2 .jl
Ja Js Js
JroJs e
is represented by a cartwheel diagram (figure 13) with vertices V,, V5. V5, V., Vs, Vi,

The lindices of vertex V] (or: V,) are labelled ki (or: k) (1 < j < 3), the corresponding

variables by 1;; {or: 7;)). There are fifteen closed diagrams (which are simple circuits):
nine circuits D, (1 < a € 9) with four branches and six circuits D, (1 € a < 6) with

. .
~Tiat2aTa 2 Ty 1T2ala3Ty 1722732

Figure 13. The graph, two closed diagrams and their associated monomials for the 9
coefficient.
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six branches. We describe these closed diagrams {table 1) by their / indices L(D,) and
the vaiue of D) {cf § 5). We also give the corresponding values of j;. As will be clear
from §9 —eD)2 =3 (1 <a<9 or —e(D)/4 (1 < a' < 6) is the value of the 9
coefficient with the indicated vaiues of j;. In figure 13 are drawn diagrams Dyand D,..
The generating function can be written down at once from tahle I, thus reproducing
the resuit of Wu (1972}, but this wili be omitted.

Table 1. Closed diagrams Do{a=1,2,...,9, 12, ...,6) of the % coefficient (figure 13):
J indices, { indices (correspending to vertices ¥ D). Null values are omitted.

i ki i
a 121343567839 v v, v, .. v, .. ¢
L1 Lot ! 1 1 !
2 1ot L ! 1 1
3 Lo P ! Lot l
L Lo { : { ! !
5o 1 ! 1 . 1 1 1 -1
& | {1t | 1 1 H i
7 L1 o ! ! l t
$ Lo to11 1 ! !
9 Lot Lo ! i i 1
v Lol LoLoL i Il ! 1 !
7 A O Lo ! 1 i -l
¥ AR Lo 11 ! Lol -1
R | Do Lol 1 !
SO S B T Lol { ! [ i
& 11 Lo Il 1 Lo { Lo -1

Huang and Wu (1974) have computed the generating function of the 12/ coefficient
represented in figure 14. Their result can be obtained from equation (14) in which there
are 31 closed diagrams: 29 simple circuits and two diagrams composed of two circuits
(one composite diagram D is represented (figure 14), and M(D) is given in the notation of
Huang and Wu 1974).

The graph G’ for an njm coefficient is a tree in which there are no circuits. The
generating function is then expressed by the same formula as for the 3j coefficient
{equation (4)}.

Figure 14. The graph. a closed diagram and its associated monomial for the 12 coefficient.
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9. Explicit expression for the CrC

From the generating function, equation (14), we now obtain a general expression for
any CRC. Symmetries are then briefly considered.

For a Jucys graph G let us denote respectively by T(1 £ i < pland C; {1 £ j € q)
the open and closed diagrams. Expanding equation (14) we get

flof +18+ 1! ( £ ! )
0] e e e - V(€ 15
*= L e |y YO L )
where the sum is over « = (¢, %;,...,¢,)e N7 and B = {B,,5;,..., ;)€ N?; we have

putld = Zf., 2,18 = Z}., §,. By comparing equation (13) and equation {2) we obtain
the expression:

N +1| 1 - o 7 N

where the summation is over the 28 N?, B g N7 such that

L=

2, L{T)+ Z BLIC) (17

1 i=1

i1

and N, as defined in equation (1).

The sum in equation (16} can be interpreted as being over ali the possible ways of
constructing diagrams from open and closed diagrams that have the same [ indices as
the calculated cre.

For the 3 and 6/ coefficients equation (16) can be written in terms of 2 summation
on one integer and vieids Racah’s formulae.

To each closed or open diagram D (= T; or C}} with 5 vertices, ¢ circuits (¢ > 0} and
r path (r = 0 or i) there corresponds a CRC whose ! indices are L{D). The value of this
CRC can be computed from equation (16} and is (~1)Y27¥%(—2Ye¢(D). The «T) and
¢(C)) are thus interpreted in terms of the CRC whose [ indices are the / indices of D.

9.1, Symmetry

Let E; be the set of L & E; that satisfy polygonal conditions; we denote by E, (1 € 1 £ 7)
the simple non-directed circuits and the simple free paths of G; we put ¢, = L(E)) € ;.
The set E; has the following properties:

(i) ifL,eE;, neN(] <i<hythen ., nL; e E;;

(i} f LeEg there exist a,e N(1 < i< #) such that L = Z[_, ae;; moreover if
L = ¢, the g; are unique and g; = J;;.

Property (i) expresses the fact that E; is closed by addition. If G, # O property {ii)
stems from the above interpretation of equation {16}, since the / indices L {which belongs
to £g) can be written as in equation (17). In fact it is possible to prove property (i} not
assuming G, # 0, but this will be omitted. The last part of property (ii) expresses that
the e are extremal elements in E;.

We define a symmetry to be a function ¢: E; — Ej such that G, = X, G, where
X, is a simple algebraic expression. Let us look for symmetries such that ¢ is an
invertible linear function. Then ¢ is a permutation of (g) Indesd putting

l1<isgr

Ple) = 3 a8 and ¢~ ey = i be
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(the a;; and b;; not necessarily uniguely determined) we have
€ = Z bijajkek
jk

and {rom property (i) of E}; we obtain if b;; # 0, ay = Oy/b; for | <k < r. Since
a;eNand b e N, a; = /b, implies a; = {, and Ble)) = e,.

We examine the case of the 9 coefficient. The E; are the fifteen closed diagrams D,
described on table 1. We put 4, = L(D,), where a runs over 4 = {1,2...9} and
B={12...6} s=1%Z,,,asd,6E; s an invariant by $. The only sums of three
elements 4, that add up to s are:

di+dy+ds =dy+dy+dg =5 (18)

S0 ¢ is a permutation of (d}), 5. We have d,. = s—~d, ~d,~dg, d, = s—d, ~d —d,
0 dy.+dy =25~2d, —d,~d,~dy—d; and in general for aeB, beB, a+# b:
dpbdy = 25— ~d;~d,~d, —d, whete ¢, 4, e f, g are different indices of A, this
expression being unique. From this it follows that ¢ is determined by the #(d,),:
for exampie if ¢{d,) = 4,,d(d,) = d, then &{d,) = d,. Moreover, 2guation (i3} is
invariant by @. This leaves for @ 6 x §x 2 = 72 choices which are the known symmerries
of the 9/ coefficient

For the 3j coefficient the six extremal elemens of E; are linked only by a relation
iike equation {18). The same method vields the 6 x 6 x 2 = 72 Regge (1958) symmerries
(see also Biedenhamn and Van Dam 1963, pp 296-7).

For the 6 the seven extremal elements of Ey, are linked only by relation:

g Fe,tey = e testegt+ e,

and the same method gives the 6 x 24 = 144 Regge (1939) symmetries (see also Bieden-
harm and Van Dam 1963, pp 298-9).

We have thus proved that the only invertible linear symmetries of the 3/, § and 9j
coefficients are the known symmetries.

10. Recursion relations

By differentiating @, many relations between G, can be obtained. We give an example
when G is a 3nf coefficient. Since

-

[}
T

[ =

5 M{C}) = ¥ M),

i\Cekg Cek;

where K, is the set of closed diagrams D whose { index (D) is different from zero {and
then equal to 1), we get:

9 2

Put G, = 0if L¢ E;. For L€ E; we obtain the recursion relations:

LodLAD = WIONL Gy o= T L) ~LLYN, -Gy .

L'el(K,) L7eL(Ky)
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11. Concluding remarks

Some other known results come out quite easily from the present point of view:
symmetries of the coefficients (compared with the symmetries of the graph); simplifica-
tion of graphs with a branch j = { or containing a diode symbol linked to a bound
branch; formula (25.15) in Jucys and Bandzaitis (1963) expressing a doubly stretched
9i coefficient in terms of a 3 coefficient.

The explicit formula, equation (16), expresses the CRC as & summation of products
without factorization of terms. The usual method for the numerical computation of a
CRG, say a 3nj coefficient, is to express it as a sum of products of 6f coefficients, each &
coefficient being obtained by a summation of products and quotients of factorials.
Equation {16) is thus less efficient for numerical calculations,

Appendix. Proof of some relations between sums and products over sets of diagrams

Two relations are of use in §3. The first one equation {A.3) relates a sum and a product
over sets of circuits that pass over a given branch w. [t is obtained by caicuiating 2
determinant in two different ways. The second refation equation (A.3), which simpiities
an infinite product to a finite sum is a consequence of the first one.

Let w be a branch joining vertices « and « in a Jucys graph G and put W = {w}.
Let 1 be a subset of Hy w &y and { (ot correspondingly: () be a set of different paths of
the form [wu ... uw](or: wu ...« wl) and such that branch w appears only at the extre-
mities, We designate by ¢ and { the sets composed of the reversed paths of { and {".
We put v=puwlw{ wlul and we suppose that {w{ and {w{ are disjoint
The reversed path of iev-yu is designated by i For i=yu we define P(i) as a path
obtained by opening circuit i at branch w. P(i) will be interpreted as path Jwu' ... uwj
ot {wu...u w[ which give the same monomial M(P(i)). Foriev-puwe put P(i} = i

We now define a square matrix x composed of identical coiumns by putting
x;; = M(P(ij)) foriev,jev

Matrix x is of rank 1, so:

det(l—x) =1- % x;=[- 3OMIPE) = 1+ 3 M), (A.1)
iev ien ien
since for iefu{, M= —MI(D) (§5, remark (i) We also compute: lndet{l —x)
by equation (7) of § 8.1

Indet(1—x) = —| L N()+$ T Ny, i+d T Nl ip is+ .., (A2)

i1iz fyialy

where we put N(a,b,c...z) = X;pXy ... X;, and where the sums are over € v. As in
§ 8 we interpret the monomials N (a... z) in terms of circuits. But here some monomials,
like N{a) or N(a, b, @', cy withae{, a e{, be y, ce( cannot be associated with a circuit,
We now show that these monomials cancel. Let § = {i;,...,i,)ev"and put i,,; = i;
for j = 1,2...m 1If there exist integers k and k' (I £ k < k' <€ 2m) such that both i;
and i, belong to one of the sets { W { and " I and such that ijeufor k < j < k" we
call S non-c. Let s, be the set of non-c Sev™and put s, = v"—s, —u™ Let A" {or: 4)
be the set of non-directed circuits that can be separated into circuits from u (or: and paths
from v—p) {each circuit and path may occur several times). If S = (i,...i Jeu" s,
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then N(S) = — M(C), where C is the circuit of A formed from P(i,), P(iy) ... P(i,), if
S s, there is no interpretation of N(S) in terms of a circuit,

IFS={i,. . i€Sp s, =v"—u" k being the first integer such that i ¢
we define £(8) as being the sequence of v™ — u™ obtained from 5 by changing i, into i.
From the reiations MY+ N /(SN = 9, f(5,,) = 5, and f(s,,) = 5, we get

YONSY= Y N(Sy=0.
S€s5m Sesim
HCed and C'gA—A are composed of m paths from P(v), then — M(C) appears
m/m(C) times in Zg,,m N{S) and ~M(C) appears 2m/r(C) titmes in Zg.,,, N{3): to get
rid of this factor 2 we rewrite equation (A.2) as:

Indet{l—x) = — i L > ONE©)+3 Y NS = z:

m=1 M Sex™ Sesin

(%]
a

=3
A
AS

and by the same method that gives equation (8), we get:

det(l—-x)= [] (t+M(C)

CsHirma
Comparing with equation (A1) we get:

[T (L+M(O) = 1+ 3 M)
CeHpna fgu
In particular for a set ¥ of branches of G by putting u = Hg 1 2y M 2, and by taking
£l o w o be the maximal subset of 2, compatible with the definition of { and {’,
we have A = Hg n @y 7y and

11 (1+MO)Y =1+ > M(C). (A.3)

CeHgnFwn vy CeHunRwn By

Let 4 (or correspondingly: 4°) be the set of diagrams D composed only of different
circuits from Hg " Dy n Dy, (or: Hy n 3,). For a diagram D and a set of diagrams §
we define § x D 1o be the set of composite diagrams made up of D and of a diagram DY
from S. Let us write, for diagrams D and D', D ~ I if and only if B(D) = &(D"). 1t s
clear that this is an equivalence relation in 4 (or: in 4") defining a family & (or: #7) of
equivalence classes. f &/ % (or #eF'), Des/ and if D is not simple we say that
&/ is not simple. Let &/ € & be an equivalence class of 4" and D¢ &/ such that D' is
not simple, branch w appearing more than once in #{’). & can be partitioned into
sets of the form &/ x D" with D"e A’ ~n %, and W €F (and a set A eF if D' 4)
these & containing diagrams passing several times on branch w. Expanding the
product, we rewrite equation (A.3) as:

1+ Y Y M(D) =1+ Yy M) (A.4)

o eF Des’ CeHonAwan By

By comparing diagrams whose set of elements is identical on both sides of equation {A.4)
we see that T, M(D) =0/ n &, = & and &/ ¢ F. Since

Y MDY =

Dealx D

Y M(D)) M(D")

Desf
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we obtain

T M(D}=0

D' eal
if ' e F is not simple.
From that it follows:
A+MC) =1+ 3 Y MDYy=1+ 3  MD. (A3

o]

CzsHgn v A'eF Ded' DeKgn v
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Abstract

A graph ¢ with n vertices is associated %o the 2naxn matrizx x
Det = and x. . re expressed in ferms of sums over sets of subgraphs
of G . The method is used %o compute generating functions Tor products

of overlaps involving harmonic oscillator wavefunctions.






1, Introduction,

The method of calculating determinants and inverses of matrices that
we present in §. 2 is a zraphical transcription of well known formulae.
The method furns out to be very convenient for matrices with many zero
elements. We illustrate the method in §, 3 by compuiing generating
functions for products of integrals over harmonic oscillator wavefunctions.
We expose two ways of calculating these generating functions, one which
i3 essgentially the method of 3irtwistls (1977} and the other which nszes
ideas from 3argmann (1962, reprinted in Bisdenharn and Van Dam, 1963, po.
300-15) and is betser in the case when the harmonic oscillators have th
same frequency. These generating funciions are expressed in terms of
determinants and of inverse matrices with many zercs, so that our

method is useful.

2. Grarphical method for computing det x and =

We consider a nxn complex matrix x = A-P , where A 1s diagonal

( Aij = 0 if i#j) and where P has zeroé on the diagonal : P, =0

(1 ¢ 1g n) . To P we associate a graph G consisting of n vertices,
noted by Vi (14 ig n) , and where an arrow, ncited by (ij) , goes from

Vi to Vj for each Pij % ¢ . Two examples of graphs corresponding to
calculations in §. 3 are drawn on fig, ! and 2, We define path {abc..,de]
as the ordered sequences of arrows (ab) , (be) , ... , (de) and of the

¥ {x » 1) vertices Voo Vo eee Vo Thus {a] 1is a path with no arrow,

1

Cirouit (aoc...de) consists of the ordered cyclss of the k (k % 2)






arTows (ab) . (bc) e (de) ,{ea), and of vertices Va , Vb Ces Ve

Circuits {ave) , (vca) and (cab) are identical. A set of m (m » 0O)

circuits 01 e Cm , such that each wvertexz of C1 . Cm appears cnly
once in the set {C1 .. Cm} is called a closed diagram . We denote
the closed diagram composed of zero circudt by J . A set of one path
T .and o (m »0) circuits C, ... C_ such that each vertex of T,
¢, ... C_ appears only once in the set (T, C, ... Cm} is called an
open diagram . We denote the set of the closed (open) diagrams of G
oy £ (@), and by Q.. ‘the sst of the open diagrams with 2 path of

For she graph of figure 2 (with n=4 ), the 9 closed diagrams of X

Q Q are reyresented on figures (4—6).

are drawn on fig. 3 and 911 P Ny

For each diagram D we denote by j%(D) (U(D)) the set of arrews

(vertices) composing the path and/or circuits of D .

If D is a closed or open diagram with m circuits we define

w(p) = (-1)°F I P, ¥ \
((ia‘)w%(b) ”) (kw(n) A“k})

n

In particular ; M(J) = 1 Aii . Other examples of M(D) are given in
i=1

figures (3—6).

Now we have the following results :

det(a-P) = = M(D) (1)
DEX
T u{m)
g TER,
a _ P - SRS S
an (A- 73 )ij 5 M(D) ' (2)






Indeed, (1) is the zraphical franscription of

det z = z e(a) X1c(1) Xac(z) R xnd(n)

As an example, Tor the permuteiion of 1...n ¢ = (123){45)(6)...(n) ,

written as a product of cyclic permutations, we have

e(o) “1a(1) F20l2) ' Fngln)

o) (=g D= 1 g )

: =y A+ HE S 4 s I
whers D  is the closed diagram composed of oircuiis (-

Zquation (2) is the graphical iranscription of

where X.. is the co-factor of =x.. in det x .
iJ ji

If one has to calculate v.(A-—P)“1 w =

n -
5 ov.(a-2)"tw
i L 1] J

1 J=1

i

n .
where v = (v ...vn) and w = {(w .Wﬁ) are two vectors of ¢ , it

1 E

is convenient to put M'(T) = v, M(T) Wj if 7 Qij . Then :
g u (1)

. TE G
v.ua-P) w= RGN . (3)

DeEX
Iet us emphasise that the interest of eguations (1~3) is greater
when the matrix P is sparse, The disgrams gre then easily enumerated
and the method described makes the calculations much easier, especially

. . N . . .
when formal (razher than numerical) exopressions are required.






%, (eneraiting functions for oroducis of harmenic oscillator overlaps.

Z.1 Generating functicn for the harmenic oscillator wavefunctions,

We denote the normalized cne-dimensiopal harmonic oscillator

functions by

+1
fm> =‘é““ iO> (d)
m!
with 5T :\'-“i r =5 (5)
J 2 V2w

The coherent staie (Jlauber, 1963)
T 7 oo 5O
al 'z
Z,w> =& 0> = £ & |w> (6)
n=0 Ym!

where Z =x+iy € ¢ , Z = x-1iy gserves as a generating functicn

for the states of eq. (4). In the r-representaticn,state (6) is

<r|z,w> = (u/n)1/4 exp |{-(w r2-+22)/é +Vow r Z} . (7)

The functions of the harmonic oscillator centered at -~4& are
given by |m,w,d> = e1Pd o> . (8)

3.2 Generating functlons Sp(t) for products of overlaps.

Birtwistle (1977) has given a general method for calculating

generating functions of the type

sn(t)

(I
]

Il
i

To@pudie e 04 >0 (9)
n,,n_,.m >0 i=t

(ny2) , b= (1, ..t )€ CIl {when % is sufficiently small, all

integrals in the following converge) and where as in the following






we identify labels 1 and n+1 . These generating funcilons provide a
neans Tor evaluating chain integrals like <a|b><bic><c]a> , and sums

of such integrals {(Mnatsakanyan, 1971).

Introducing the operator

e 1
olt,w) = £ |woa| t . (10)
m=0
We have
f p | ;
Wt,0) = [ du (2) 12,0z, (11)
. -1 =27 ... \ 2 . L
uuT(Z) =1 g dxdy is ilntegrazied over R, following the nofation

nd Van Dam, 1965, pD.

3
£
=
ot
i)
2
I3
tal
[
1))
o)
5
5
B
[}
m

from Bargzmann (1962, re

Z00~16). FEquation (9) then reads

Sn(t) =TrQ Q... Q (12)
ipdk --ipdk

9 = ¢ Q(tk,wk) & (1 ¢k < n)

3.2.1 Calculation of Sn(t) : method A.

We sketch here the method of Birtwistle for computing Sp(t) .

The trace in eq. (12) is computed in the r-representation :

_ T n
5,(t) =] <rn|Q1|r1>(r1]Q2]r2>.a.<rnﬂ1[anrn> dr (13)
r=(r ...r ) is integrated over R° and

1 n

<rk_1lefrk> = <rk_1+dk|Q(tk,wk)lrk+dk>

The matrix element <x[Q(t,w)|y> can be easlly computed from

equations {11) and {7), by carrying out integrations similar to the






ones siudied in the remaining of this section

1
2= 2 2 2 2
lalt,wy> = (w/n)7 (1-t7)7% exp {w[oxyt- (1487) (x%ay™) /2] / (1=t%)}
(14)
Using eq. (10) and the expression of the harmonic oscillator function
in terms of Hermite polynomials eq. {14) is seen to be nothing else
than the Mehler formula (Batemar and Endélyi, 1955).

Equation (13) is of the form ;

i
Py
ot
S
I
T
s
3]
2]
i
Pl
i
3
TN
=
i
o
g
E
Im
(o)
b
.|.
e}
—
L
5
4
e
A I
i
-
A%}
P
g
o

A is the nxn diagonal matrix :

/ 2 2
(o (1e)) ey Ut
= - + (1 < & < n)
b =5 I N
T R

P is the symmetric nxn matrix, with all elements equal to z&ro but

0 t
k+1 k4t )
= P e e————— ]
Pk,k+1 k+1,k 142 (1<kgn),if n>2
k+1
w, t w, t
- R 2 2 . _
Fio = ¥y 42 * i if n=2
1 2
b is the n~vector :
d -~% s
o & G-t ) e g ey )
by = - - (1 {k<n)
k 141, 1+t
£ et
n f—t
k .2
¢ = I W
e k 1+tk i

and where the cyclic condition n+t = ! is used,






The integral in eq. (15) is caleulated in eq. (10) of Birtwistle (1977)

Sn(t) = A (det(A—P))"% xp (%“b.’AnP)d1 b+c) X (16)

O

The exprassions in eq. (16) can be easlily computed by the methed of
§. 2 with the graph of fig. 2 and diagrams like those in figures (3-5).

But instead of giving explicit results for eq. (16), we turn to another

method for computing Sn(t) (eq. (12)).

X}
[§S]
[§S]

Calculation oT Sz(t) : mathod 3 .

Using eq. (11) we get for the irace in eq. (12)

n ?(d‘\ “dk)
. x ! X+1
.0 = [ (o) a0 2, a, > ()
n n
where € = (2., ...20€ect , au(g) =0 du (2. ) and n+l =1 .
1 n n e 1 1"k

The mairix elements in eq. (17} are

06 Pzt 0>

ol

= (cos 6) exp{sine (22—2'2)/2-PCOS 627" +cos 6(Vo a 2'- Vo' a z)/N2

- cos & Yo d2/4} (18)

Wi ! 24 win!
oy , C08 O = —r

where sin 6 =

The integral in eq. {17) is thus seen to be similar to that in
eq. (15), but now the integration is over Rzn , 80 thet in general the
computation of Sn(t) is simpler from eq. (15). However when the

oscillators have the same frequency w, = W (1 <k g n) in 2q. (18)

we have sin 6 = 0 , so that eq. (17) is of the form :






1O

Sn(t) = j1dun(c) 8Xp |C.PL + V.L + L.W + ¢} (19)

where P 1s the nxn complex matrix with all elements zero

except Pk¢1 " = tk (1 Lk n) ;

==ty (4 ma) Yoz 5w = (2

X1 ki

n
¢ = E—uﬁﬁ;r%gah S L
ey '

Sn(t) = [clet(‘l-«l:’):l“1 ex T {v.(TuP)“1W +cl (20)

Here again, the expressions in eq. (20} can be computed by the
method of §. 2, from equations (1) and (3). The gravh of P is dram

in figure 1. There are only two closed diagrams, so0 that from eq. (1)

det (1=P) = 1 - Bty b

Each of the sets Qij contains only cone open diagram, so that

_ _ J
v.(1=p)"1q = [det(1~P)] 'or -8 (e, -aa-d, ) O %
. 2 J+1 -t .k
1,3=1 k=i
, J n J
with the conventions that I % = (1 t )( IO t ) if i > j
.k .k k
k=1 k=1 k=1

and d_, =4 i
U n n+1 1






4, Conclusion.

Other fields of application of the graphical method can be found,
Por example, the generating function for coupling-recoupling coefficients
of SU(E) , such as the 3nj and njm coefficients, has been sxpressed
by an eguation like eq. (20) (Iabarthe, 1975), where P is a 2ax2n

matrixz of the form

A 3B
c i
L, B and ¢ being nxn matrices such that : 3 =3 , C =-C ,

the tilde denoting the transyposed matrix.

In this case, introducing the graph of the coupling-recoupling
coefficient (Bl Baz, 1969), which has branches instead of arrows, so
that paths go over the branches in twe directions, it was shown that

2
det(1-P) = ( £ M(D))
DEX
where K 1is the set of the clesed diagrams. TFor the exponent also

there is a formula like eq. (3).
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Captions o figure

Fig. 1 C—1 graph of matriz P eq. {19},

Fig. 2 : G2 graph of matriz P eq. {15).

Fig. 3 4 the nine closed diagrams of G, (n=4) and values of
(D)

Fig, 4 Q,, for G, {n=4).

Tig. 5 Q. for G, (n=d4).

Piz, 6 913 for G, {n=4)
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